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Coupled  laser  devices  are  currently  the  subject  of  an  intense  research  effort.  Among  the  various 
coupling  techniques,  injection  locking  offers  a  relatively  simple  method  of  locking  one  or  more  lasers 
to  a  common  source.  This  theoretical  analysis  evolved  from  perceived  deficiencies  in  the  previously 
developed  models  of  injected  lasers,  in  which  the  locking  ranges  of  lasers  with  large  outcouplings 
are  incorrectly  estimated.  It  is  my  hope  that  many  of  the  shortcomings  of  the  previous  models  have 
been  eliminated  in  this  project. 

A  large  number  of  symbols  are  used  throughout  the  derivations.  A  glossary  of  symbols  and 
notation  is  included  at  the  end  of  this  dissertation. 

As  with  any  major  undertaking,  this  project  could  not  have  been  completed  without  the  help, 
encouragement,  and  understanding  of  many  people.  My  sincere  appreciation  goes  to  my  advisor, 
Dr  John  Erkkila,  for  his  insight  and  guidance  throughout  the  past  six  years.  The  computer  work 
would  not  have  been  possible  without  the  help  of  several  individuals.  Specifically,  I  wish  to  thank 
Capt  (Dr)  Mark  Rogers  for  providing  funding  for  and  assistance  with  the  Air  Force  Weapons  Labora¬ 
tory  Cray  I  computer;  Capt  Paul  Sydney  for  obtaining  and  installing  on  the  ARVAX  computer; 
and  Mr  Brian  Kennedy,  Capt  Paul  Sydney,  and  Lt  Darryl  Sanches  for  answering  innumerable  ques¬ 
tions  about  the  ARVAX  computer.  Capt  (Dr)  John  Glessner  graciously  provided  the  experimental 
excimer  laser  data  analyzed  in  Chapter  VII.  Many  enlighting  technical  discussions  were  held  during 
the  past  three  years  with  Dr  Tom  Ferguson.  I  wish  to  thank  my  wife  Ginger  and  son  Anthony  for 
their  understanding,  love,  and  patience,  especially  during  the  particularly  trying  times.  Finally,  I 
offer  my  deepest  thanks  to  the  Lord,  who  patiently  taught  me  the  meaning  of  Matt.  7:7-11  during 


the  course  of  my  studies. 


Steven  M.  Rinaldi 
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Abstract 


A  semiclassical  analysis  of  injected  lasers  with  stable  and  unstable  resonators  and  arbitrary 
outcoupling  fractions  was  performed.  Homogeneously  broadened  lasers  with  Fabry-Perot  and  with 
positive  branch,  confocal  unstable  resonators  were  modeled.  Both  time-dependent  and  steady-state 
analyses  of  free-running  and  injected  lasers  were  performed. 

Because  of  deficiencies  in  the  standing  wave  semiclassical  and  the  simple  saturable  gain  models,  a 
new  semiclassical  theory  of  homogeneously  broadened  lasers  was  developed.  The  theory  is  predicated 
upon  the  following  assumptions:  the  atoms  are  two-level,  a  single  longitudinal  mode  exists  in  the 
cavity,  the  transverse  mode  structure  can  be  adequately  modeled  by  the  geometric  optics  mode, 
and  the  laser  electric  fields  can  be  described  by  a  pair  of  counterpropagating  planar,  cylindrical, 
or  spherical  traveling  waves  with  different  amplitudes.  A  general  semiclassical  theory  was  first 
developed,  and  then  specialized  to  the  Fabry-Perot  and  positive  branch,  confocal  unstable  resonator 
cases.  Both  the  Maxwell-Bloch  and  rate  equation  approximation  forms  of  the  theory  were  derived. 
The  general  theory  is  sufficiently  broad  to  allow  the  modeling  of  the  geometric  optics  mode  of  any 
standing  wave  resonator  configuration.  The  theory  was  shown  to  reduce  to  the  simple  saturable  gain 
and  standing  wave  semiclassical  models  in  the  appropriate  limits. 

The  analyses  of  the  injected  lasers  were  performed  with  the  new  semiclassical  theory.  Both 
time-dependent  and  steady-state  analyses  were  performed.  The  parameter  space  explored  allowed 

'V 

the  outcoupling  fractions  to  be  varied  and  the  injected  signal  frequencies  to  be  detuned  from  the 
free-running  laser  frequencies.  Observables  of  interest  included  the  threshold  injected  intensities, 
the  locking  ranges,  and  the  injected  laser  system  gains.  Comparisons  to  three  alternate  models  of 


injected  lasers  were  performed.  In  the  appropriate  limits,  the  present  model  was  shown  to  reduce 


to  the  other  models. 
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SEMICLASSICAL  THEORY  OF  INJECTED  LASERS 
WITH  ARBITRARY  STABLE  AND  UNSTABLE  RESONATORS 


I.  Introduction 

Coupling  of  laser  devices  has  been  performed  over  the  past  three  decades  in  order  to  control  var¬ 
ious  parameters  of  the  output  beam.  A  variety  of  schemes,  each  with  advantages  and  disadvantages, 
have  been  used  to  couple  lasers.  These  techniques  include  optically  coupled  resonators  (1-19),  mas¬ 
ter  oscillator/power  amplifiers  or  MOPAs  (20-22),  electronically  coupled  lasers  (23-27),  nonlinearly 
coupled  lasers  (28,  29),  nonlinearly  coupled  MOPAs  (30-32),  and  common  mirror  or  shared  optical 
element  coupling  (33,  34).  A  seventh  technique,  with  which  this  research  project  is  concerned,  is 
injection  locking. 

The  injection  locking  technique  utilizes  a  low  power  master  oscillator  to  control  a  higher  power 
slave  oscillator.  The  beam  from  the  master  oscillator  is  directly  injected  into  the  slave  oscillator.  This 
is  illustrated  in  Figure  1.1.  If  the  frequency  of  the  injected  field  is  relatively  close  to  the  free-running 
frequency  of  the  slave  oscillator  and  the  injected  intensity  is  above  a  minimum  value,  then  the  spatial 
and  spectral  properties  of  the  slave  laser  beam  will  be  the  same  as  those  of  the  master  oscillator 
beam.  Most  importantly,  the  field  emitted  from  the  slave  laser  will  have  the  same  frequency  as  and 
a  fixed  phase  relationship  with  the  field  from  the  master  oscillator.  This  phenomenon  i*  known  as 
“locking”.  The  range  of  frequencies  over  which  the  injected  signal  may  vary  from  the  free-running 
frequency  of  the  slave  oscillator  while  maintaining  locking  is  known  as  the  “locking  range”.  The 
minimum  or  “threshold”  value  of  injected  intensity  for  which  locking  occurs  is  a  function  of  the 
detuning  of  the  injected  field  from  the  free-running  field  of  the  slave  oscillator.  As  high  power  lasers 
often  have  poor  spectral  and  spatial  characteristics,  a  well-controlled  beam  from  a  low  power  master 
oscillator  can  cause  a  significant  improvement  in  the  output  from  the  slave  laser.  For  this  reason, 
injection  locking  is  a  useful  tool  for  providing  high  power,  high  quality  laser  radiation. 
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Figure  1.1.  The  basic  concept  of  injection  locking. 


Injection  locking  is  conceptually  similar  to  the  coupled  resonator  and  MOPA  coupling  tech¬ 
niques.  However,  significant  differences  exist  between  these  methods.  In  a  coupled  resonator  device, 
each  laser  in  the  array  is  locked  to  the  other  lasers.  Each  laser  is  thus  influenced  by  and  influences 
all  of  the  other  lasers  in  the  array.  However,  in  an  injected  laser,  the  master  oscillator  is  not  affected 
by  the  slave  oscillator.  The  master  oscillator  operates  independently  of  the  slave  oscillator;  it  is 
essentially  isolated  from  the  slave.  The  MOPA  differs  in  one  fundamental  aspect  from  the  injected 
device.  The  power  amplifier  of  the  MOPA  is  below  its  lasing  threshold.  If  the  beam  from  the  master 
oscillator  is  removed,  the  power  amplifier  will  not  lase  by  itself.  However,  the  slave  oscillator  in 
an  injected  laser  system  is  above  its  lasing  threshold.  If  the  injected  signal  is  removed,  the  slave 
oscillator  will  lase. 

Injection  locking  has  been  widely  reported  in  the  literature,  in  both  experimental  (35-76)  and 
theoretical  (77-106)  studies.  Several  different  coupling  methods  have  been  employed,  the  more 
common  of  which  are  illustrated  in  Figure  1.2.  The  experimental  studies  demonstrate  a  wide  variety 


of  output  beam  parameters  that  may  be  controlled  by  injection  locking.  The  two  most  important 


Figure  1.2.  Various  methods  of  injection  locking.  The  dotted  lines  indicate  partially  transmissive 
mirrors.  7/jy  is  the  injected  field;  I„ut  i*  the  output  field  from  the  slave  laser.  Adapted 
from  (38). 
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parameters  are  the  phase  and  frequency  of  the  electric  field  of  the  slave  laser.  Subject  to  the  locking 
range  and  threshold  intensity  constraints  mentioned  above,  the  phase  and  frequency  of  the  slave 
field  can  be  locked  to  those  of  the  injected  field.  This  provides  an  alternate  method  of  tuning  the 
frequency  of  the  high  power  slave,  as  opposed  to  intracavity  gratings  or  etalons.  Spectral  narrowing 
of  the  slave  field  is  a  third  important  effect  of  injection  locking.  Often,  the  output  spectra  of  high 
power  lasers  are  broad.  The  fields  from  dye  and  excimer  lasers  tend  to  be  composed  of  many 
longitudinal  modes  and  have  considerable  linewidth,  for  example.  Injection  locking  has  been  used  to 
significantly  reduce  the  linewidth  of  the  slave  laser  and  force  it  to  operate  on  only  a  few  longitudinal 
modes.  Additionally,  by  narrowing  the  spectrum,  the  power  in  the  oscillating  modes  may  increase 
significantly,  as  the  gain  is  used  by  a  narrower  portion  of  the  spectrum.  Injection  locking  can  be 
used  to  control  the  spatial  properties  of  the  output  beams.  The  transverse  modes  and  electric  field 
polarizations  of  the  slave  laser  output  can  be  fixed  by  the  injected  fields,  as  well  as  the  degree  of 
output  beam  divergence.  The  master  oscillator  can  thus  control  many  of  the  temporal,  spectral,  and 
spatial  properties  of  the  slave  laser. 

This  research  effort  is  a  theoretical  analysis  of  injected  lasers.  Many  theoretical  studies  have 
been  performed  in  the  past,  but  all  suffer  from  one  or  more  limitations.  This  project  has  been  aimed 
at  loosening  some  of  the  constraints  of  the  previous  works.  The  effort  is  composed  of  two  parts.  The 
first  consists  of  developing  a  semiclassical  theory  of  a  laser  with  a  general  resonator  and  an  arbitrary 
outcoupling.  Most  semiclassical  theories  assume  small  outcouplings  from  the  laser;  hence  the  fields 
are  modeled  as  planar  standing  waves  with  amplitudes  that  do  not  vary  spatially.  This  constraint  is 
loosened  by  allowing  the  fields  in  the  laser  to  be  traveling  waves  with  arbitrarily  varying  amplitudes. 
The  resultant  theory  may  be  applied  to  free-running  as  well  as  injected  lasers.  In  the  second  part  of 
the  research,  the  new  semiclassical  theory  is  applied  to  the  injection  locking  problem.  The  injected 
field  is  modeled  as  a  boundary  condition.  The  effects  of  the  injected  field  on  the  slave  laser  field 
are  then  explored.  Of  primary  interest  are  the  locking  ranges  and  threshold  injected  intensities 
as  functions  of  the  outcoupling  of  the  slave  laser  and  the  detuning  of  the  injected  signal  from  the 
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free-running  slave  laser  fields.  The  assumptions  and  limitations  of  the  research  are  discussed  more 
fully  later  in  this  chapter. 


Background 

Injection  locking  of  lasers  is  merely  a  specific  case  of  the  general  locking  phenomenon.  Locking 
has  been  observed  in  a  host  of  disciplines,  including  mechanics,  electrical  engineering,  economics, 
and  sociology  (106).  Perhaps  the  earliest  recorded  observation  of  locking  was  made  by  Christiaan 
Huygens,  when  he  wrote  in  1665: 

Being  obliged  to  stay  in  my  room  for  several  days  and  also  occupied  in  making  observa¬ 
tions  on  my  two  newly  made  clocks,  1  have  noticed  a  remarkable  effect  which  no  one  could 
have  ever  thought  of.  It  is  that  these  two  clocks  hanging  next  to  one  another  separated 
by  one  or  two  feet  keep  an  agreement  so  exact  that  the  pendulums  invariably  oscillate 
together  without  variation.  After  admiring  this  for  a  while,  1  finally  figured  out  that  it 
occurs  through  a  kind  of  sympathy:  mixing  up  the  swings  of  the  pendulums,  1  have  found 
that  within  a  half  hour  they  always  return  to  consonance  and  remain  so  constantly  after¬ 
wards  as  long  as  I  let  them  go.  I  then  separated  them,  hanging  one  at  the  end  of  the  room 
and  the  other  fifteen  feet  away,  and  noticed  that  in  a  day  there  was  five  seconds  difference 
between  them.  Consequently,  their  earlier  agreement  must  in  my  opinion  have  been  caused 
by  an  imperceptible  agitation  of  the  air  produced  by  the  motion  of  the  pendulums  The 
clocks  are  always  shut  in  their  boxes,  each  weighing  a  total  of  less  than  100  pounds.  When 
in  consonance,  the  pendulums  do  not  oscillate  parallel  to  one  another,  but  instead  they 
approach  and  separate  in  opposite  directions. 

Huygens  later  deduced  that  the  coupling  was  not  caused  by  vibrations  in  the  air,  but  rather  by 
vibrations  transmitted  through  the  wall  (106:52). 

The  coupling  of  two  triode  oscillators  was  discussed  by  Balth  Van  der  Pol  in  1020  (107).  He 
analysed  a  double  tank  circuit,  and  noted  that  cross  coupling  and  cross  saturation  effects  took  place 
between  the  oscillating  modes.  He  also  examined  a  triode  oscillator  with  a  nonresonant  sinusoidal 
forcing  function.  Under  certain  conditions,  the  signal  from  the  oscillator  would  lock  in  frequency  to 
the  forcing  function.  He  termed  this  “automatic  synchronisation”.  Robert  Adler  extended  this  work 
in  1946  with  an  analysis  of  tuned  electronic  oscillator  circuits  (108).  He  observed  that  the  oscillator 
would  lock  to  an  impressed  signal  if  the  amplitude  of  the  signal  was  above  some  threshold  value.  He 
was  able  to  derive  an  expression  for  the  threshold  amplitude  of  the  impressed  signal.  The  threshold 


depended  upon  the  circuit  design  and  component  values.  Additionally,  he  related  the  electronic 
locking  phenomenon  to  a  simple  mechanical  analogy. 

Since  the  advent  of  the  laser  in  1960,  many  theoretical  and  experimental  studies  of  injection 
locking  have  taken  place.  The  earliest  experimental  study  of  injection  locking  was  performed  by 
Stover  and  Steier  in  1966  (71).  They  coupled  two  HeNe  lasers  together,  and  observed  that  the  locking 
thresholds  and  ranges  qualitatively  fit  Adler’s  theory.  Since  that  time,  other  experimental  studies 
have  been  performed,  using  lasers  with  frequencies  ranging  from  the  far  infrared  to  the  ultraviolet. 
The  experiments  have  verified  that  injection  of  radiation  into  the  slave  oscillator  can  force  phase 
and  frequency  locking,  single  longitudinal  mode  selection,  and  spectral  narrowing.  Injection  locked 
lasers  are  now  commercially  available,  with  improved  output  characteristics  over  the  corresponding 
free-running  lasers. 

The  theoretical  studies  have  generally  utilized  one  of  two  different  analytic  methods.  The  first 
employs  the  rate  equations  of  the  various  atomic  levels.  Injection  is  modeled  as  a  boundary  condition. 
This  technique  may  be  extended  to  the  steady-state,  using  the  simple  saturable  gain  model.  The 
second  method  makes  use  of  the  semiclassical  theory.  The  injected  field  is  modeled  as  an  additional 
source  term  in  the  wave  equation. 

The  rate  equation  approach  uses  the  gain  medium  rate  equations  to  model  the  interaction 
between  the  electric  fields  and  the  medium,  and  incorporates  the  injected  field  via  a  boundary 
condition  (87,  88,  90,  92,  95,  99).  The  analysis  of  a  laser  medi  um  using  the  rate  equations  is  well- 
developed  (109^  125).  An  energy  level  diagram  of  a  typical  lasing  species  is  depicted  in  Figure  U. 
From  this  diagram,  the  rate  equations  may  be  written  as: 
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Figure  1.3.  Energy  level  diagram  of  a  typica)  lasing  atom. 

where  N,  is  the  population  density  of  the  ith  level,  tf>  is  the  photon  flux  density,  R,  is  the  pumping 
rate  to  the  t,h  level,  B(i /)  is  the  stimulated  emission  coefficient  as  a  function  of  frequency  i/,  g, 
is  the  degeneracy  of  the  i,h  level,  is  the  spontaneous  decay  rate,  tnr  is  the  decay  rate  due  to 
nonradiative  processes,  t,}  are  the  decay  rates  from  level  i  to  level  ;,  and  tr  is  the  photon  lifetime. 
These  equations  can  be  expanded  to  include  the  effects  of  spatially  dependent  fields,  amplified 
spontaneous  emission,  multiple  longitudinal  modes,  additional  atomic  levels,  etc. 

Injection  is  incorporated  into  the  rate  equations  via  the  boundary  conditions  at  one  of  the 
mirrors.  This  is  depicted  in  Figure  1.4,  where  the  injection  takes  place  at  mirror  B.  The  boundary 
conditions  at  mirror  B  can  be  expressed  as: 

.  j  R In  without  injection  .  . 

L  \  R Ir  +  (l  R  -  A)Iin  with  injection 
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Figure  1.4.  Fields  at  the  injection  mirror,  (a)  Without  injection,  (b)  with  injection. 

where  Ir  and  /*,  are  the  intensities  of  the  rightward  and  leftward  traveling  waves,  Ijn  is  the  intensity 
of  the  injected  field,  R  is  the  intensity  reflection  coefficient  of  the  mirror,  and  A  is  the  absorption 
coefficient  of  the  mirror. 

A  steady-state  version  of  the  rate  equation  approach  is  very  simply  developed,  following  the 
methods  of  Rigrod  (121-123),  Chernin  (112),  and  Moore  and  McCarthy  (119).  At  steady-state,  the 
rate  equations  yield  the  following  intensity  equations  along  the  optical  axis  z  of  the  resonator: 

din 
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where  go  is  ie  small  signal  gain,  a<,  is  the  nonsaturable  loss  of  the  medium,  L  is  the  length  of  the 
medium,  z  is  the  axial  position  in  the  resonator,  and  is  the  saturation  intensity.  gt)  and  /,„< 


are  obtained  from  the  rate  equations  at  steady-state.  Eq  (1.3)  is  the  differential  form  of  Beer's  law, 


and  is  alternately  known  as  the  simple  saturable  gain  or  go~I,at  model.  The  injected  signal  is  again 
incorporated  as  a  boundary  condition.  The  equations  can  be  solved  by  the  methods  of  Moore  and 
McCarthy. 

There  are  several  inherent  problems  with  using  the  gain  medium  rate  equations  to  model  the 
injection  process.  The  equations  are  based  upon  the  intensities  of  the  fields  inside  the  laser.  As 
such,  no  phase  or  frequency  information  is  contained  in  the  equations.  Medium  pushing  and  pulling 
effects  are  not  modeled,  so  the  actual  oscillation  frequency  cannot  be  determined.  Beating  between 
the  injected  signal  and  the  normal  laser  modes  in  the  absence  of  locking  will  not  appear  in  this 
formalism.  Variations  in  the  frequency  of  the  output  beam  from  the  slave  laser  during  the  onset  of 
locking  will  not  be  seen.  Spatial  hole  burning  effects  due  to  the  interference  of  the  two  traveling 
waves  are  not  accounted  for  in  the  model.  Despite  these  problems,  the  model  can  show  the  temporal 
changes  in  the  mode  intensities  and  competition  for  the  gain  by  the  various  modes  in  the  presence 
of  an  injected  field.  Temporally  resolved  spectra  and  some  transient  phenomena  during  the  onset  of 
locking  can  also  be  calculated  with  this  method. 

A  more  sophisticated  treatment  of  the  the  injection  locking  problem  uses  the  semiclassical 
theory  (82,  83,  91,  100,  101).  This  theory  models  the  lasing  species  quantum-mechanically  and  the 
electric  fields  classically.  Generally,  the  fields  in  the  laser  are  expanded  as  a  series  of  plane,  standing 
waves.  The  theory  correctly  accounts  for  frequency,  phase,  and  spatial  hole  burning  effects.  In  this 
sense,  it  more  accurately  models  the  operation  of  the  laser.  The  injected  signal  is  incorporated 
as  an  additional  source  term  in  the  wave  equation.  This  forces  the  injected  field  to  be  distributed 
throughout  the  laser,  thus  affecting  all  parts  of  the  gain  medium.  In  this  manner,  injection  is  modeled 
as  a  distributed  process  rather  than  as  a  boundary  condition.  Two  of  the  prominent  semiclassical 
theories  of  injection  locking  were  developed  by  Spencer  and  Lamb  (101)  and  Chow  (82,  83).  As  these 
theories  are  discussed  in  detail  in  later  chapters,  the  semiclassical  equations  will  not  be  presented 
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The  previous  semiclassical  theories  of  injection  locking  suffer  from  several  main  drawbacks. 
First,  the  injected  field  is  distributed  throughout  the  gain  medium.  This  is  only  an  approximation 
to  the  more  accurate  picture  in  which  the  injected  field  is  incorporated  in  one  of  the  mirror  boundary 
conditions.  Second,  the  use  of  uniform  amplitude  standing  wave  fields  forces  the  outcouplings  to  be 
very  small.  As  is  shown  in  a  later  chapter,  the  standing  wave  theories  break  down  for  outcouplings 
of  10%  or  more.  Nonetheless,  these  theories  have  been  applied  to  lasers  with  very  large  outcouplings. 
Finally,  the  fields  are  modeled  as  plane  waves.  This  precludes  accurately  applying  the  semiclassical 
model  to  arbitrary  stable  or  unstable  resonators,  in  which  the  fields  are  generally  spherical  or 
cylindrical  waves. 


Research  Scope 

The  discussion  above  underscores  the  problems  with  the  previous  theoretical  analyses  of  injected 
lasers.  The  purpose  of  the  present  research  is  to  attempt  to  correct  some  of  the  deficiencies  of  the 
other  works.  This  is  accomplished  by  relaxing  some  of  the  constraints  imposed  in  the  other  works. 
The  extent,  limitations,  and  some  of  the  important  assumptions  of  the  current  work  are  discussed 
in  this  section. 

The  first  half  of  this  project  is  the  development  of  a  semiclassical  laser  theory  applicable  to 
lasers  with  arbitrary  outcoupling  fractions.  This  is  accomplished  by  decomposing  the  fields  inside 
the  laser  into  counterpropagating  traveling  waves,  instead  of  the  usual  standing  waves.  Furthermore, 
the  amplitudes  and  phases  of  the  waves  are  allowed  to  vary  slowly  in  time  and  space.  From  previous 
theoretical  works  (121-123),  it  is  known  that  the  amplitudes  of  the  fields  inside  a  general  laser  will 
vary  spatially  along  the  optic  axis.  The  spatial  variation  of  the  waves  is  thus  the  key  to  modeling 
arbitrary  outcouplings.  Unlike  the  usual  semiclassical  theories,  the  traveling  waves  are  allowed  to 
be  planar,  cylindrical,  or  spherical.  Consequently,  unstable  resonators  as  well  as  general  stable 
resonators  can  be  modeled  with  this  theory,  instead  of  just  plane-parallel  mirror  cavities  (Fabry- 
Perot  interferometers).  The  theory  is  compared  to  the  simple  saturable  gain  model,  the  theory  of 
Agrawal  and  Lax  (142,  143),  the  Lamb  semiclassical  theory  (134,  135),  the  theory  of  Spencer  and 
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Lamb  (101),  Chow’s  model  of  the  injected  laser  (82,  83),  and  Ferguson’s  injected  laser  model  (87, 
88).  In  the  appropriate  limits,  the  new  theory  is  shown  to  reduce  to  all  of  these  models. 

Several  simplifying  assumptions  are  placed  on  the  semiclassical  model.  First,  the  lasing  atoms 
or  molecules  are  assumed  to  be  stationary.  This  forces  the  predominate  broadening  mechanism 
to  be  homogeneous.  Second,  the  lasing  species  are  modeled  as  two-level  atoms.  This  is  a  typical 
assumption  of  the  semiclassical  theories.  Third,  only  a  single  longitudinal  mode  is  allowed  to  exist 
under  the  gain  curve.  This  assumption  is  not  unrealistic  in  homogeneously  broadened  lasers.  If 
sufficient  gain  exists  between  the  spatial  holes  burned  in  the  medium  by  one  mode,  other  longitudinal 
modes  may  oscillate.  However,  the  usual  situation  is  that  only  a  single  mode  is  above  threshold,  so 
the  laser  operates  on  only  that  mode.  Fourth,  the  amplitudes  and  phases  of  the  electric  fields  and  the 
induced  medium  polarizations  vary  slowly  in  both  space  and  time.  The  slow  spatial  variations  can 
be  justified  by  examining  the  works  of  Rigrod  (121-123),  Moore  and  McCarthy  (119),  and  Agrawal 
and  Lax  (142,  143).  The  temporal  variations  are  typically  assumed  to  be  slow  in  semiclassical 
theory.  Finally,  the  modes  are  assumed  to  be  the  geometrical  modes  of  the  resonator.  No  transverse 
diffractive  structure  or  higher  order  transverse  modes  are  modeled.  Again,  the  usual  semiclassical 
approach  ignores  such  transverse  field  variations. 

The  semiclassical  equations  of  motion  are  derived  via  two  methods.  The  first  approach  devel¬ 
ops  the  Maxwell-Bloch  equations  for  the  medium  polarizations,  population  inversion  density,  and 
electric  field  amplitudes  and  phases.  Unfortunately,  this  set  of  equations  is  too  complex  to  be  solved 
numerically.  Consequently,  the  equations  of  motion  of  the  electric  field  are  derived  in  the  rate  equa¬ 
tion  approximation  (REA).  Although  also  complicated,  this  set  of  spatially  and  temporally  varying 
equations  can  be  solved  on  a  computer.  The  REA  equations  are  easily  solved  numerically  at  steady- 
state.  All  of  the  numerical  calculations  performed  as  part  of  this  research  utilize  the  laser  equations 
in  the  rate  equation  approximation. 

The  study  of  injected  lasers  comprises  the  second  half  of  this  research.  As  a  wide  variety  of  laser 
resonators  exist,  only  two  simple  types  of  cavities  are  chosen  for  study:  the  Fabry-Perot  plane-parallel 
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resonator,  and  the  positive  branch,  confocal  unstable  resonator  (PBCUR).  The  injected  signal  is 
incorporated  as  a  boundary  condition  in  both  cases.  The  injected  signal  is  assumed  to  have  a  fixed 
amplitude,  phase,  and  frequency.  This  assumption  does  not  affect  the  semiclassical  theory  discussed 
above;  it  affects  only  the  numerical  calculations  through  the  boundary  conditions.  Although  there 
are  important  cases  in  which  the  injected  signal  has  a  time-varying  amplitude  (such  as  in  the  locking 
of  pulsed  devices),  these  cases  are  not  examined  in  this  study.  Finally,  the  parameter  space  examined 
allows  for  variable  outcoupling  from  the  slave  laser  and  variable  detunings  of  the  injected  signal  from 
the  free-running  slave  laser  field.  The  locking  ranges,  threshold  injected  intensities,  internal  slave 
laser  field  intensities,  and  output  powers  are  examined  as  functions  of  the  slave  laser  outcoupling 
and  injected  field  detuning. 

Organization 

The  semiclassical  theory  of  a  laser  with  a  general  resonator  is  developed  in  detail  in  Chapter  11. 
The  theory  is  specialized  to  a  laser  with  a  Fabry-Perot  resonator  in  Chapter  III.  Both  the  Maxwell- 
Bloch  equations  and  the  equations  of  motion  in  the  REA  are  presented.  The  steady-state  equations 
are  developed,  and  the  boundary  conditions  are  given.  Comparisons  of  the  Fabry-Perot  laser  theory 
to  alternate  models  of  lasers  with  stable  resonators  are  made  in  Chapter  IV.  The  semiclassical  theory 
of  the  PBCUR  laser  is  developed  in  Chapter  V.  The  Maxwell-Bloch  equations  and  the  equations  of 
motion  in  the  REA  are  presented,  along  with  the  steady-state  theory  and  the  appropriate  boundary 
conditions.  The  PBCUR  laser  theory  is  compared  to  other  models  in  Chapter  VI.  The  numerical 
studies  of  the  Fabry-Perot  laser  are  discussed  in  Chapter  VII.  Included  are  studies  of  free-running 
and  injected  lasers,  and  comparisons  of  these  results  to  the  works  of  others.  Chapter  VIII  examines 
the  results  of  the  numerical  studies  of  the  PBCUR  laser.  Again,  both  free-running  and  injected 
lasers  are  examined,  and  the  results  are  compared  to  those  in  the  literature  where  possible.  The 
research  is  summarized  in  Chapter  IX.  Design  criteria  and  recommendations  for  future  studies  are 


also  presented  in  this  chapter. 


II.  Semiclassical  Theory  of  a  Laser  with  a  General  Resonator 

The  semiclassical  theory  of  the  laser  has  existed  for  well  over  twenty  years,  since  Lamb  produced 
his  pioneering  work  in  1964  (134).  Since  that  time,  the  theory  has  been  extended  to  include  high 
intensity  lasers,  multimode  lasers,  traveling  wave  ring  lasers,  and  laser  amplifiers.  Both  homogeneous 
and  inhomogeneous  broadening  mechanisms  have  been  incorporated  into  the  theory.  However,  with 
the  exception  of  the  amplifier  theories,  the  models  all  assume  that  the  outcoupling  losses  of  the  lasers 
are  low,  and  thus  do  not  allow  the  electric  fields  to  vary  spatially.  The  amplifier  theories  utilize  plane, 
traveling  waves  that  vary  spatially.  The  amplifier  models  are  single  pass,  so  the  internal  fields  are 
unidirectional.  Unfortunately,  none  of  these  theories  can  be  adequately  applied  to  the  case  of  a 
laser  with  a  general  stable  or  unstable  resonator  and  high  outcoupling  losses.  For  these  reasons,  a 
modified  version  of  the  semiclassical  theory  was  required  for  this  research. 

The  semiclassical  equations  of  motion  of  the  complex  electric  fields  inside  a  generalized,  loaded 
laser  resonator  are  derived  in  this  chapter.  From  this  case,  the  specific  Fabry-Perot  and  positive 
branch,  confocal  unstable  resonator  (PBCUR)  equation  sets  can  be  obtained.  These  cases  are 
discussed  more  fully  in  Chapters  III  and  V. 

This  chapter  is  designed  to  be  tutorial  in  nature.  For  this  reason,  some  of  the  material  presented 
exists  elsewhere  in  the  literature  (106,  126-141).  This  material  is  included  for  completeness,  however. 

This  chapter  is  composed  of  eight  sections.  The  first  section  discusses  the  philosophy  of  the 
semiclassical  model  of  the  laser.  Next,  the  “general  laser  resonator”  and  other  key  definitions  are 
presented.  The  population  density  matrix  equations  of  motion  are  derived  in  the  third  section. 
The  derivation  of  the  Bloch  equations  follows.  In  the  fifth  section,  the  equations  of  motion  of  the 
electric  fields  are  developed.  The  results  of  the  fourth  and  fifth  sections  can  be  combined  to  yield 
the  complete  set  of  Maxwell-Bloch  laser  equations.  This  set  of  equations  is  normalized  in  the  sixth 
section.  The  laser  equations  are  next  derived  in  the  rate  equation  approximation.  The  important 
formulae  are  summarized  in  the  final  section. 
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Figure  2.1.  The  self-consistent  approach  of  the  semiclassical  theory.  Adapted  from  (135:78). 


The  Semiclassical  Laser  Model 

The  semiclassical  theory  of  the  laser  is  a  self-consistent  model  in  which  the  electric  fields  are 
treated  classically  and  the  active  lasing  species  are  modeled  quantum-rnechanically.  This  is  illus¬ 
trated  in  Figure  2.1.  The  lasing  species  may  be  atoms  or  molecules;  however,  the  species  will  simply 
be  referred  to  as  “atoms.”  The  electric  field  E(r,  t)  is  first  applied  to  a  single  atom,  inducing  a 
polarization  (P^)  in  the  atom.  A  laser  is  composed  of  many  such  atoms,  each  of  which  interacts 
with  the  applied  electric  field.  A  statistical  summation  of  the  individual  polarizations  is  performed, 
yielding  an  overall  polarization  P(r,  t)  of  the  gain  medium.  This  polarization  is  a  driving  term  in 
Maxwell’s  equations,  producing  a  reaction  field  E'(r,  t).  When  the  reaction  field  is  exactly  the  same 
as  the  initially  applied  field,  the  model  becomes  self-consistent.  The  fields  and  induced  polarizations 
are  then  known. 

For  most  laser  devices,  a  semiclassical  treatment  is  adequate.  One  might  argue  t li at  the  electric 
fields  should  be  quantized  as  well  as  the  atoms  in  order  to  properly  treat  the  problem.  In  most  lasers, 
however,  the  electric  fields  are  quite  intense,  with  very  large  photon  numbers.  By  the  correspondence 
principle  of  quantum  mechanics,  the  quantized  electric  fields  are  more  than  adequately  modeled  by 
classical  fields.  Unless  the  laser  is  operating  very  close  to  threshold,  the  photon  numbers  are  usually 
large  enough  to  justify  the  use  of  classical  fields. 


The  semiclassical  theory  can  be  applied  to  all  laser  problems  that  do  not  inherently  depend 
upon  the  quantized  nature  of  the  electric  fields.  The  temporal  behavior  and  steady-state  values 
of  the  laser  electric  fields,  output  powers,  extraction  efficiencies,  and  chaotic  behavior  are  several 
examples  of  problems  that  have  been  successfully  treated  with  the  semiclassical  theory.  Problems 
dealing  with  photon  statistics,  threshold  behavior,  quantum  fluctuations,  noise,  and  spontaneous 
emission  depend  upon  the  quantized  nature  of  the  electric  fields,  and  must  be  treated  with  a  fully 
quantized  (quantum-electrodynamic  or  QED)  theory. 

The  General  Laser  Schematic 

The  general  laser  is  pictured  schematically  in  Figure  2.2.  The  resonator  consists  of  two  opposite 
mirrors  of  arbitrary  radii  of  curvature  with  optic  axis  z.  The  mirrors  have  complex  transmission 
and  reflection  coefficients  given  by: 

Mirror  A:  / r a  —  tAt  (2.1a,  b) 

\t  A  =  tAC,<t,TA 

Mirror  B:  j  rB  —  r°e  (2.1c,  d) 

As  the  resonator  is  of  arbitrary  design,  outcoupling  can  be  accomplished  via  mirror  transmission 
and/or  diffractive  field  spilling  about  either  mirror.  An  active  laser  medium  lies  between  the  mirrors. 
The  longitudinal  extent  of  the  medium  is  unimportant  in  the  following  derivations.  The  medium 
extends  sufficiently  in  the  transverse  directions  so  that  the  resonator  modes  are  not  apertured  by 
the  gain  cell  boundaries. 

The  fields  inside  the  resonator  are  depicted  in  Figure  2.3.  The  fields  are  generally  two  counter- 
propagating  spherical  or  cylindrical  traveling  waves.  As  special  cases,  one  or  both  of  the  waves  may 
be  planar,  yielding  the  PBCUR  and  Fabry-Perot  resonator  cases,  respectively.  The  fields  emanate 
from  focal  points  Fr  and  Fl  on  the  z  axis.  The  rightward  and  leftward  traveling  waves  are  given 


Figure  2.2.  The  general  laser  device. 


by,  respectively: 
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>.  Pr  > 

(2.2a) 

*L(z,t)=\\ 

|^-£’z,(z,  t)  exp  -  kpL  +  0]  }  +  c  c  | 

(2.2b) 

(  cylindrical  wave 

Q=  ) 

(  1,  spherical  wave 

(2.3) 

PR  «  Z  4-  Ir 

(2.4a) 

Pl  «  L  4-  II  -  z 

(2.4b) 

Here,  pr,l,  are  the  radial  distances  from  the  focii  Fr,l>  Er,l(z >f)  are  amplitudes,  k  is 

the  wavenumber,  and  ipR.L  are  the  phases  of  the  electric  fields,  t//  is  a  reference  frequency;  when 
the  laser  has  an  injected  signal,  i/j  is  the  frequency  of  the  injected  field.  Notice  that  uj  4  ^r 
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i 


t)exp{-i[i//t  +  ^^(z,«)]} 


+  ^.(Mjexp  {-i{vit  +  <f>L(z,t)}}  +  c.< 


Pr,  Phi  P'n i  and  P'l  are  generally  complex  quantities.  Pr,l  are  slowly  varying  in  both  space 
and  time,  whereas  P'R  L  vary  slowly  in  time  only.  Nothing  is  explicitly  stated  in  Eq  (2.6)  about  a 
spherical/cylindrical/planar  nature  of  the  polarization  waves. 


The  Density  Matrix  Equations  of  Motion 

The  density  matrix  equations  of  motion  are  derived  in  this  section.  Although  this  material  can 
be  found  elsewhere,  it  is  included  here  for  completeness. 

The  derivation  commences  with  a  general  two-level  atom,  depicted  in  Figure  2.4.  The  eigenstates 
are  |a)  and  |6),  with  energies  Ea  =  huia  and  Eb  =  ftujb,  respectively.  When  the  system  transitions 
from  |a)  to  |6),  a  photon  of  energy  hui  =  Ea  —  Eb  may  be  emitted,  ui  is  the  linecenter  frequency  of 
the  atomic  transition,  and  h  is  Planck’s  constant. 

The  atomic  Hamiltonian  is  given  by: 


H atom  —  ^  t  Vatum  (f ) 

lm 


A  complete,  orthonormal  set  of  stationary  states  ^(r),  with  energies  EA,  is  assumed  to  exist.  With 
a  phenomenologically  introduced  radiative  damping  term  (106:82),  the  eigenstates  are  given  by: 


'J'1(r,t)  =  r1*'/Jr’£:*,/V»(f) 


is  the  mean  lifetime  of  the  state,  as: 


|*a|2  =  .T"7*'  ItM2 


•  .  -  .  •  V- 

_  *  _  »  ^  ,iL 
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The  perturbation  will  cause  a  mixing  of  atomic  states,  so  that: 


♦  (f.t)  =  a(t)^„(r)  +  fc(t)iMf)  (2.12) 

where  a(i)  and  fc(t)  are  time-dependent  coefficients.  Following  time-dependent  perturbation  theory, 


the  equations  of  motion  of  a(f)  and  b(t)  are: 

xha  =  ah wa  +  a(alV'la)  +  fc(a|F|fc)  (2.13a) 

ih'b  =  bhwb  +  a(fc|V  |a)  +  b{b\V\b)  (2.13b) 

Assuming  that  the  atom  has  no  static  dipole  moment,  the  integrations  become: 

(a|V|a)  =  0  (2.11a) 

(a| V jfc)  =  -eE(a|r  e|f>) 

=  -mE  (2.14b) 

<6!K|a)  =  — eE(fc|r  e|a) 

=  -/iE  (2.14c) 

<6|  V  |6)  =  0  (2.14d) 


where  n  is  the  dipole  moment  matrix  element.  Suppressing  the  h  terms  and  using  Eq  (2.14)  in 
Eq  (2. 13)  yields: 


pb 

t  a  =  a wa —  E 

h 


xb  =  6  uq,  —  -^-E 

h 


2.13  a) 


(2  13b 


The  effects  of  the  damping  terms  remain  to  be  included.  With  the  decay  introduced,  Eq  (2  lr>) 
becomes: 


ta  = 

tb  — 


aw  a  - 


bwt,  - 


E  -  » -  -  b 


(2  Km) 


(2  ltd.) 


The  dipole  moment  of  the  atom  is  given  by: 

e<x)  =  e  J  (aV>„  +  bipi.)'  x  (cnpa  +  btp,,)  dx 


H  (a*6  -+  i'aj 


(2.17) 


The  bilinear  functions  a’b  and  b‘ a  are  thus  two  quantities  of  importance.  Further,  a' a  and  I'b  are 
the  occupation  probabilities  of  the  upper  and  lower  atomic  states.  This  suggests  using  the  density 
matrix  formalism  to  determine  the  coefficients  a  and  b,  instead  of  solving  Eq  (2.10)  directly.  The 
density  matrix  p  for  a  single  atom  is  defined  as: 


_  /a’a  6*a\  _  /  p,m  p„,,\ 

P  ~  \a'b  b‘b  )  \  p(„,  pi,,,  ) 

By  further  defining  a  “Hamiltonian  matrix"  R  and  a  “loss  matrix"  P, 

"■(ft  ?) 

r$(o  °) 

Eq  (2.16)  can  be  recast  as: 

Tp+pP^  (2.20) 

Eq  (2.20)  is  the  equation  of  motion  of  the  density  matrix  of  a  single  atom,  with  a  phenomenologically 
introduced  radiative  damping  term.  However,  the  collection  of  atoms  that  forms  the  gain  medium 
is  of  primary  importance.  Furthermore,  the  macroscopic  polarization  of  the  medium  remains  to  be 
calculated  A  statistical  summation  of  the  microscopic  atomic  polarizations  is  required. 

The  derivation  requires  several  additional  approximations.  First.,  the  atoms  are  assumed  to  be 
I  stationary  This  causes  the  primary  broadening  mechanism  to  be  homogeneous.  The  Hamiltonian 

i  matrix  R  is  assumed  to  be  independent  of  time  Finally,  some  individual  atom  of  interest  is  allowed 

I 

to  exist  in  a  known  eigenstate  at  an  initial  time  t„,  represented  by: 

;  ^  '  {o  o)  (221a) 

t 


xdJL  =  flp-pfl-  * 
dt  2 


(2.19a) 

(2.19b) 
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The  system  is  in  the  state  p(a)  when  the  perturbation  V  is  applied  at  t  =  t0.  The  general  solution 
for  t  >  t0  is  denoted  as  p(a,  f(j,t),  and  it  must  satisfy  Eq  (2.20)  with  the  initial  condition: 


p(a,  t0,to)  =  p(a) 


In  order  to  determine  the  macroscopic  average  of  some  property  F,  the  expectation  value  of  the 
corresponding  operator  must  be  calculated: 


((**»  =  £*/>(  it,  f(>,,  t) 

* 

=  tr  F ^p(a,  f0i,t ) 


where  the  summation  runs  over  all  atoms  in  the  medium.  To  this  end,  an  average  or  “population" 


density  matrix  is  introduced: 


C(a,f)  =  £o,lt) 


Letting  Aa(t0)di  be  defined  as  the  average  number  of  atoms  excited  to  state  |a)  during  the  time 
interval  to  <  t  <  to  +  dt,  with  Aa(t)  independent  of  space  (spatially  uniform  pumping),  Eq  (2.24) 


can  be  written  as: 


« 

c(a,  t)  =  J  dt0  Aa(to)p(a,to,t) 

—  OO 

Differentiating  with  respect  to  f  and  assuming  that  A„  is  constant  in  time  yields: 

»^e(.,0  =  .-|A1./»(.,l,0-A.p(a,-oo,0+  J  *uAn^(a,t„,o| 


=  *A»p(a)  +  t  f  dt0  AH^p(a,  t„,t) 


Using  Eq  (2.20)  in  Eq  (2.26),  the  equation  of  motion  of  g(a,  t)  becomes: 


*S^(a,t)  =  ,Aa^a)  +  ^  ^(a,  t)  +  p(a,t)r) 

Finally,  defining: 


do  =  X)  ^a>*) 

«=  a,b 


(2.27) 


(2.28) 


and  summing  over  states  |a)  and  |fc),  the  equation  of  motion  for  the  population  density  matrix 
becomes: 

xjte(t)  =  Bfi(t)  -  em  -  \  (r*(0  +  e(t)t\  +  iA  (2.29) 

Eq  (2.29)  can  be  broken  into  several  physically  meaningful  pieces.  The  first  two  terms  of  the 
right-hand  side  form  the  equation  of  motion  of  e  in  the  Schrodinger  picture  without  the  decay  or 
pumping  terms: 

^=[R,e] 

The  third  and  fourth  terms  on  the  right-hand  side  of  Eq  (2.29)  can  be  written  as  an  anticommutator 
bracket.  This  bracket  physically  represents  the  exponential  decay  of  the  populations  of  states  |a). 
Finally,  the  last  term  in  the  equation  contains  the  linear  pumping  terms  to  states  |a). 


The  Bloch  Equations 

The  Bloch  equations  for  the  gain  medium  are  derived  in  this  section.  Since  the  polarization 
wave  is  composed  of  rightward  and  leftward  traveling  wave  parts,  five  Bloch  equations  are  obtained 
instead  of  three,  as  in  a  standing  wave  laser.  The  five  equations  describe  the  temporal  behaviors  of 
the  real  and  imaginary  parts  of  the  two  polarization  waves  and  the  population  inversion  density. 


The  equations  of  motion  of  the  population  density  matrix  elements  can  be  obtained  from 


Eq  (2.29): 


6ab  =  -(tw  +  Tf)eafc  +  -V  (gan  -  ghb) 
n 


Qaa 


K  ~  7<»£aa  ~  Bha  +  C.C.'j 

(sl'c**+ce) 


ebb  —  ^b  —  ibebh  + 


where 


7  =  Ifh  + 


7a  +  7b 

2 


(2.30a) 

(2.30b) 


(2.30c) 


(2.31) 


7p/«  is  a  collisional  dephasing  time  constant  (106:84-89).  Although  the  atoms  are  assumed  to  be 
stationary,  7,,/,  is  added  to  the  average  of  the  decay  constants  of  the  states  |a).  This  phenomenolog¬ 
ically  accounts  for  collisions  that  occur  between  “real”  atoms.  The  addition  of  the  term  broadens 
the  atomic  line  somewhat.  Additionally,  V  can  be  expanded  as: 

v  =  --  /  JL 

2  IpS 

+  +  c.c.l  (2.32) 


where  Eqs  (2.2),  (2.5),  and  (2.11)  have  been  used. 

The  macroscopic  polarization  is  given  by  (see  Eq  (2.23)): 


0  H{6ab  "t"  Qba ) 


(2.33) 


Substituting  Eq  (2.6)  in  Eq  (2.33)  yields: 


Qab 


2n  \ 


+  PL 


,-Hi'it  +  ibi ) 


(2.34) 


Previously,  En,  EL,  4>R ,  <f>L,  PR,  and  PL  were  assumed  to  vary  slowly  in  space.  The  spatial 
variations  are  so  slow  that  locally  (over  a  few  wavelengths  of  the  radiation),  these  six  quantities  can 
be  taken  as  constants.  For  the  field  amplitudes,  this  approximation  can  be  justified  by  considering 


the  results  of  (121-123,  142,  143).  Over  the  length  of  a  typical  resonator,  the  intensities  of  the 
electric  fields  vary  by  a  factor  of  about  10.  For  resonator  lengths  on  the  order  of  a  few  meters  and 
optical  frequency  radiation,  approximately  10G  wavelengths  are  required  to  fill  the  cavity.  Clearly, 
over  a  few  wavelengths,  Er  and  El  can  be  taken  as  constants.  Similar  arguments  can  be  extended 
for  Pr,  Pl,  4>r,  and  4>L- 

With  the  assumption  of  local  constancy,  Eqs  (2.6),  (2.33),  and  (2.34)  can  be  combined  as: 

X/2 

PrM  =2Ate‘<‘",+*'*>  (J-^j  J  eat,e~ik*  dz 
*°  *0 

=  J  /  \p'r  +  t~ikzdz  (2.35a) 

*0 

where  Zq  is  an  arbitrary  position  on  the  optic  axis  in  the  gain  medium,  and  A  is  the  wavelength  of 
the  optical  radiation.  Similarly: 


Pl(z,1 ) 


*o  +  A/2 


i  —  *o  J 


(2.35b) 


Notice  that  Eq  (2.35)  is  similar  to  a  Fourier  transform.  The  z  variations  on  the  left-hand  sides  of 
the  equations  are  quite  slow;  in  the  local  region  [z,  z( >  +  A/2]  there  is  essentially  no  z  variation.  The 
integrations  over  z  effectively  remove  the  rapidly  varying  parts  of  P'R  and  P'L. 

Using  Eqs  (2.32)  and  (2.34),  Eq  (2.30a)  can  be  expressed  as: 


+  +  p'Le->U’.i+*L )}  =  _(JU)  +  7)  +  +  +  1 1 


&n  )  i  ^  c.  -•*(  t  +  II  I.- (i/<  ->  ki*  4.,  )  \  ... 


and  the  rotating  wave  approximation  has  been  used,  w  is  proportional  to  the  population  inversion 
density. 


Eq  (2.36)  must  now  be  separated  into  two  equations,  one  describing  the  time  evolution  of  Pr 
and  the  other  describing  Pi.  The  following  identity  from  calculus  will  be  required: 


fix,a)dz  =  J  £-f(x>a)dx+f(q,a)^-f(p,a)  (2.38) 


The  equation  of  motion  of  Pr  is  developed  first.  Multiplying  both  sides  of  Eq  (2.36)  by  t  ,kz  dz, 
integrating  from  Zo  to  zo  +  A/2,  and  using  Eqs  (2.35)  and  (2.38),  the  equation  for  Pr  is  obtained: 
Pr  ~  -  (i(Agj  -  4>r)  +  q]  Pr 

*o  +  A  /2 

'  Pr  P'l 


*0  +  A/2 

-w  /  {kE*''k"  *  kELt' 


M L  +  ti )  -<t>n+2kz)  1  w  dz 


(2.39) 


with 


Acu  =  w  —  i // 


(2.40) 


Similarly,  by  multiplying  Eq  (2.36)  by  e'kz  dz,  integrating  from  z0  to  Zq  +  A/2,  and  using  Eqs  (2.35) 
and  (2.38),  the  equation  for  Pr  is  derived: 

Pr  -  -  [»(Au»  -  <j>L)  +  q]  PL 

*o  +  A/2 


2ifx 

Jh 


[  l^rEReik,’'ei{‘i“--4,n+2k‘)  +  ^ELeik{L+,t-'\wd2  (2.4 

J  l Pr  Pl  J 


1) 


Since  Pr  and  Pr  are  complex  quantities,  they  can  be  written  as: 

Pr  =  -  *t>/j(z,«) 

Pl  —  vL[z,t)  -  ivr  (z,  t) 


(2.42a) 

(2.42b) 


where  ur,r  and  vr  r  are  the  real  and  imaginary  parts,  respectively,  of  Pr,l-  u/t.z.  and  vr.r  vary 
slowly  in  time  and  space,  and  are  real  quantities.  Substituting  Eq  (2.42)  into  Eqs  (2.39)  and  (2.41) 
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and  separating  the  real  and  imaginary  parts,  the  first  four  Bloch  equations  are  obtained: 

*o  +  A/2  ^ 

UR  =  —1UR  -  (Aui  -  <}>R)vR +  J  <  -^Er  s™{klR) 


- -El  sin[<^£  -  <j>R  +  2kz  -  k(L  -  /L)]  >wdz 

Pl 


(2.43a) 


to  +  s 

-  f 

Xh  J 


iiR  =  (Aw  -  4>r)ur  -  7vr  + 


Er  cos (klR) 


+  —  El  cos  [</>£,  -  4>r  +  2 kz  -  k(L  +  /x,)]  |tu  dz 


(2.43b) 


*0  + 

uL  =  -iuL  -  (A u)  -  4>l)vl  |  ~~^Er  sin(<^  ~  4>R  +  2 kz  +  kip) 


-b  —  Ei,sin[k[L  +  lL)]  \wdz 


*0  +  ^/2, 

VL  =  (Aw  -  4>l)ul  -  1»L  +  J  |  \er  cos[4>l  -  4>r  +  2kz  4  klR) 

*0  ^ 

+  —  El  cos[A:(L  +  fL)]  >  wdz 

Pl  ) 


(2.43c) 


(2.43d) 


Eq  (2.43)  describes  the  time  behavior  of  the  two  polarization  waves.  The  equation  is  dependent 
upon  w,  which  does  not  vary  slowly  in  space.  The  fifth  Bloch  equation  describes  the  time  evolution 


of  w.  From  Eq  (2.37),  u>  is  given  by: 

tU  n{Qa<l  Qbb ) 


/^(^a  laQaa  “b  1 bQhb)  2 


A  “zero  field  inversion  density”  wr,t  is  defined  as: 


X\, 


(>- 


la  lb 


...  V. -•  -V  .%  -N . .  L  •  -*■  -N -*■  -*•  -s  -* 
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Eqs  (2.43)  and  (2.48)  comprise  the  Bloch  equation  set.  Although  rather  complex,  the  equations  can 
be  understood  if  examined  individually.  The  equations  for  up  and  vp  are  essentially  equivalent  to 
the  U£,  and  vp  equations.  The  first  two  terms  on  the  right-hand  side  of  these  equations  describe  the 
coupling  of  the  real  and  imaginary  parts  of  the  polarizations.  The  integrals  contain  the  electric  field 
terms  that  drive  the  polarizations.  In  the  usual  Bloch  equations  (see,  for  example,  Section  7.5  of 
(106)),  the  integrations  do  not  exist.  They  arise  in  Eq  (2.43)  as  a  result  of  the  Fourier  decompositions 
performed  on  Eq  (2.36).  The  first  term  on  the  right-hand  side  of  the  w  equation  is  a  decay  term. 
In  the  absence  of  the  applied  electric  field  E,  the  inversion  density  decays  to  its  steady-state  value 
w  =  weq.  The  coupling  of  E  to  the  inversion  density  is  contained  in  the  final  term  of  the  Eq  (2.48). 
Notice  that  this  term  depends  upon  P'n  L ,  whereas  Eqs  (2.43)  are  the  equations  of  motion  of  Pp  i. . 


In  order  to  solve  the  Bloch  equations,  an  inverse  transform  pair  related  to  Eq  (2.35)  is  required. 


The  Electric  Field  Equations 

The  electric  field  equations  of  motion  are  obtained  in  this  section.  The  derivations  follow  the 
standard  approach  used  in  semiclassical  theory.  The  derivations  culminate  in  four  equations:  an 
amplitude  and  phase  equation  for  both  E r  and  Ex,. 

The  starting  point  for  the  derivation  is  Maxwell’s  equations  (mks  units): 


<1 

Cl 

II 

o 

(2.49a) 

o 

II 

TPQ 

> 

(2.49b) 

V  x  E  =  -i-B 
dt 

(2.49c) 

VxH= J+^D 
at 

(2.49d) 

D  =  €oE  P 

(2.49e) 

B  =  ji0H 

(2.49f ) 

J  —  ctE 

(2.49g) 

Combining  the  equations  and  rearranging  the  terms  yields  the  wave  equation: 

3  —  <9^  _  02 

Vx  VxE  +  fi0ff^E  +  /j0fo^jE  =  (2.50) 

Several  simplifying  approximations  are  in  order.  First,  E  and  H  are  assumed  to  be  linearly 
polarized  in  the  x  and  y  directions,  respectively.  This  could  be  accomplished  by  placing  Brewster 
windows  at  the  ends  of  the  gain  medium,  for  example.  Then, 

VxVxE  =  VxVxEx 

=  V(V  Ex)  -  V2Ex 
=  -V(V  Di-V  Pi)-  V2Ex 


«  -  V2Ex 


(2.51) 


where  u  is  the  actual  laser  frequency. 


Utilizing  Eqs  (2.2),  (2.5),  (2.6),  and  (2.55)  in  Eq  (2.54),  and  neglecting  the  small  derivative 


fi  is  the  frequency  of  the  barecavity  mode.  Over  any  interval  [20,20  +  A/2] ,  Er.l  and  4>n.L,  their 
partial  derivatives  with  respect  to  space  and  time,  and  vary  so  slowly  that  they  can  be  ap¬ 

proximated  as  constants.  Multiplying  Eq  (2.56)  by  e~'kz  dz  and  integrating  from  20  to  20  +  A/2 
gives: 


-2ific 


dER 

dz 


4"  n  Er  —  2 £icEr 


d<t>n 

dz 


iUl(J-En  -  2 -  (1/;  +  4>r)2 ER 


«o 


dt 


=  —pRe 
«0 


a  0  —  iklp 


io  +  A/2 


+  ple-i(*L-*R)  \  e-<**dz 


<0 


(2.58) 


Separating  the  real  and  imaginary  parts  of  Eq  (2.58)  yields  the  first  two  electric  field  equations  of 
motion: 

dER  dER  a  v  ,  . 

+  c~g ~  -  ~Yt ~Er  +  sin  (kin)  +  vR  cos(fcf/j)]  (2.59a) 

=  n  -1/1  -  sin(fc//i )]  (2.59b) 

where 

fi  v 

—  «  —  «  1  2.60a 

VI  VI 

fi  +  Vi  +  <j>R  «  2v  (2.60b) 

In  a  similar  manner,  by  multiplying  Eq  (2.56)  by  e’kz  dz,  integrating  from  20  to  z0  4-  A/2,  and 
separating  the  real  and  imaginary  parts  of  the  resultant  equation,  the  expressions  for  El  and  1 fii 
are  obtained: 

~  c~^~  =  ~£~El  +  sin[fc(L  +  1 *■)]  +  Vl  cos [k{L  +  *z.)]}  (2.01a) 

~^T  -  =  fi  -  vi  -  cos[lc(L  +  ft)]  -  vL  sin [fc(L  +  ft)]  j  (2.61b) 


t£qs  (2.59)  and  (2.61) 


two  E/j  expressions  are  analogous  to  the  Et  expressions.  The  first  term  on  the  right-hand  side  of 


a 


s« 


each  amplitude  equation  yields  an  exponential  decay  due  to  nonsaturable  losses,  such  as  medium 
absorption,  scattering,  diffraction  effects,  etc.  The  polarization  drives  the  field  amplitudes  through 
the  second  term;  hence,  the  second  term  is  the  atomic  medium  gain.  The  difference  fl  —  uj  in  the 
phase  equations  is  simply  a  frequency  offset  term.  Notice  that  in  the  absence  of  a  gain  medium,  the 
actual  lasing  frequency  u  =  i/j  4-  ^  is  simply  the  barecavity  mode  frequency  fl.  (At  steady-state, 
4>R  —  4>L  =  4>-)  The  polarization  terms  in  the  phase  equations  shift  the  actual  laser  frequency  u 
from  Q  toward  the  linecenter  frequency  w.  The  shift  is  due  to  the  large  change  in  the  index  of 
refraction  of  the  medium  near  the  linecenter.  This  frequency  translation  is  commonly  referred  to  as 
gain  medium  pushing  and  pulling.  Finally,  Eqs  (2.43),  (2.48),  (2.59),  and  (2.61)  form  the  complete 
Maxwell-Bloch  equation  set  for  a  gain  medium  subjected  to  two  counterpropagating  electric  fields. 


The  Equation  Normalizations 

The  Maxwell-Bloch  equations  derived  in  the  previous  two  sections  are  normalized  below.  There 
are  four  steps  to  the  normalization  process:  a  time  normalization,  a  field  normalization,  a  polar¬ 


1 

!' 

tv 

u 

<*5 


ization  normalization,  and  a  series  of  miscellaneous  normalizations.  The  four  steps  are  described 
individually;  the  final  equation  set  is  then  presented.  The  normalized  variables  are  denoted  with  a 


“hat”  accent  (i.e.,  £r  is  the  normalized  version  of  Er). 


The  first  normalization  deals  with  time.  Let: 


t  =  it 


eft  =  q  dt 


(2.62a) 

(2.62b) 


The  time  variable  t  is  thus  normalized  by  the  inverse  of  the  atomic  linewidth.  The  following  addi¬ 


tional  definitions  are  required: 


,  Aw 

Aw  =  - 

1 


Cl  =  - 


(2.62c) 


(2.62cl) 


(2.62c) 
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Finally,  a  series  of  miscellaneous  normalizations  are  performed.  The  spatial  variable  z  in  the 
electric  field  equations  is  normalized  by  the  cavity  length  L: 

2  =  j  (2.65a) 

Lj 


'J>=—r 


is  the  normalized  speed  of  light.  If  a  new  angular  variable  0  is  defined  as: 


=  2  kz 


(2.G5d: 


change  of  variables  can  be  performed  on  the  integrals  in  the  Bloch  equations: 


1  A 

dz  =  —  d#  —  —  d6 

2k  4  7r 


Z  =  2(1  =>  6  -  2kzlt  =  &o 


z  =  zo  •+  A/2  =>  6  -  2kz,i  +  2n  =  $u  +  2n 


Finally,  two  additional  angular  variables  $[t  l  are  defined: 

£/?  -  klft 


U  =  k(L  f  lL) 


(2  65 i 


Zn.L  are  merely  fixed  angular  coordinates 

Using  Eqs  (2. 62)  through  (2.65)  in  the  Maxwell-Bloch  equations  results  in: 

dir  ^r)s»  +  s  / 

~  £l  sin  -  <t>R  -+  6  -  II  )  1  di  dt> 

Pl  j 


-  (az-  (H'!  ) 


Mil  -  Vn  4 


On  4  2w  , 

f  I  cos  (if 


du 

~Ji 


$o  +  2n  * 


vL+±-  J  l±£nsin(<t,L-<fin+6  +  Zn) 
&0 


+  ~-&L  8>n  Cl  \wdO 

Pl  J 


^o+2ff/ 

W=  +  h  /  {^cos(^- 

a .  ' 


4>n  +  *  +  it 


e0 


+  —El  cos  >uid# 

p'l  '  I 


dw 

~dt 


+  Im 


V* 


—  £'ne_'(fR  +  e''2*  +  —  p,  +  e 

Lp.r  Pl 


/2 ) 


+  />; 


J_£,„e-*('<>i.-<<'«  +  {n+0/2)  +  _L  p,  2) 
p«  pZ 


a£/; 


at  +^~ai - +  Prt  («fisin  (R  +  VR  cos  £/?) 


dcfin  d4>n  A  , 

“rj-  +  ~  vi  -  —  ufi  cos  £/?  ~  "t?  sin  0?) 

at  oz  £r 


dkL  d&L  £l 

-Tf-  -  V'-^r  =  -  —  +  pZ  (n/-  Sln  Cl  +  «L  cosfi.) 

at  oz  T2 


d<t>L  ,  94>l  A  .  PZ  ,.  ,  .  .  ,  , 

~aT  ~  ^  ~df  ~  u  ~  l//  ~  'Ui  co?  ^  ~  t’/-  sin  *L  > 


(2.66c) 


(2.6GJ) 


(2.66e) 


66f) 


(2  66g) 


(2.66li) 

(2.66i) 


Eq  (2.66)  is  the  Maxwell-Bloch  equation  set,  in  normalized  form.  Notice  that  although  up  l, 
vr.L,  and  ti  vary  spatially,  there  are  no  z  derivatives  in  the  first  five  equations.  For  up,  /.  and  t ■  /.■  *  . 
this  occurs  because  the  equations  of  motion  are  defined  over  small,  isolated  regions  of  spare,  in 
which  up  l  and  vp  p  are  assumed  spatially  constant.  The  equation  for  ti  is  likewise  defined  over 
a  small  spatial  region.  However,  due  to  the  I ^  t  terms,  u*  will  have  a  rapid  z  dependence  of  the 


form  ei,k‘.  This  dependency  is  eliminated  in  the  integrations  in  the  first  four  equations  This  z 


dependence  is  a  manifestation  of  the  spatial  holes  that  are  burned  in  the  inversion  density.  The  first 


five  equations  are  thus  consistent  with  each  other,  insofar  as  the  z  variations  are  concerned.  The 
field  equations,  in  contrast,  are  defined  over  the  whole  of  the  gain  medium.  Therefore,  the  partial 
derivatives  with  respect  to  z  are  incorporated  into  their  equations  of  motion.  These  four  equations 
are  consistent  with  the  Bloch  equations  in  light  of  the  following  argument.  At  any  given  local  region 
or  “point”  in  space,  the  field  amplitudes  and  phases  are  essentially  constant  in  z.  The  fields  drive 
the  atoms  and  create  a  locally  constant  polarization,  which  in  turn  drives  the  field  equations.  At  an 
adjacent  point  in  space,  the  same  effect  takes  place.  In  moving  to  the  adjacent  point,  though,  the 
electric  fields  vary  due  to  the  terms  in  their  equations  of  motion.  This  spatial  change  produces 
corresponding  variations  of  the  polarization  and  population  inversion  density  terms  in  the  “point” 
Bloch  equations.  Over  the  whole  of  the  laser,  there  will  be  spatial  variations  in  v-n.L >  vrt.L*  and  th, 
although  these  variations  are  not  explicitly  described  by  the  Bloch  equations.  The  Maxwell-Bloch 
equations  are  interesting,  in  that  they  consist  of  both  “point”  and  “longitudinally  varying”  equations. 

The  Rate  Equation  Approximation 

Eq  (2.66)  is  an  extremely  complex  set  of  nonlinearly  coupled  integro-differential  equations.  A 
numerical  solution  of  the  equations  is  impractical,  if  not  virtually  impossible.  However,  by  using 
the  “rate  equation  approximation”  (106:  Chapter  8),  the  equations  can  be  reduced  to  a  set  of  four 
coupled,  nonlinear,  partial  differential  equations.  Although  also  complicated,  the  reduced  equation 
set  can  be  solved  numerically.  Additionally,  the  steady-state  version  of  the  reduced  equation  set  can 
be  solved  very  simply  on  a  computer. 

The  rate  equation  approximation  is  based  upon  two  main  assumptions.  First,  the  electric  field 
amplitudes  and  phases  vary  only  slightly  in  time  1/q.  This  fits  well  with  the  previous  assumption  of 
slowly  varying  amplitudes  and  phases  of  E/f  /..  Second,  the  population  inversion  density  p,w  -  pm, 
equilibrates  so  rapidly  that  the  changing  electric  fields  alwc/s  experience  a  steady-state  inversion 
density.  That  is,  p„„  -  Qi,i,  is  continuously  at  steady-state  for  eaih  instantaneous  value  of  E /,•  /  The 
second  assumption  is  also  known  as  the  “adiabatic  approximation.” 
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The  derivation  commences  with  the  equation  of  motion  for 


Cab  =  ~(tW  +  l)Qnh  +  ^  V(gull  ~  Qbb) 


(2.30a) 


Formally  integrating  Eq  (2.30a)  yields: 


Cate,"+1,,t=-^  f  dt'  (eaa~  eu.)^ERe'kl"c-'^t'-kz**''' 


_L  ELe'k^L  +  lt-  +  +  I  l  t<*~  *  1  l<  ' 


E/j  and  El  may  have  slightly  different  frequencies,  as  4>r  and  4>i  are  temporally  varying.  Expanding 


4>R.l  to  first  order  gives: 


(2.08a) 


(2.69a) 


(2.69b) 


4>n  -  fin  + 
4>l  =  4>'l  + 


Since  <f>nx  are  slowly  varying  in  time,  <pn.L  can  be  approximated  as  constants.  Then, 

vit  -  kz  +  <j>R  -  i/fft  -  kz  t'n 

vjt  -f  kz  +  +  kz  +  4>'l 


vr  =  vi  + 


‘'x.  =  vi  +  4>l 


Rewriting  the  frequencies  in  this  manner  is  crucial.  If  tiie  derivation  were  to  proceed  without  the 
two  frequencies  explicitly  separated,  the  final  equation  set  would  be  incorrect.  The  set  could  not 
be  reduced  to  the  Lamb  model  (Chapter  IV)  in  the  limit  of  perfectly  reflective  planar  mirrors. 
Continuing,  Eq  (2.67)  can  now  be  rewritten  as: 
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The  terms  containing  Er^r ,  and  gaa  —  gw,  can  be  factored  outside  the  integral,  provided  they 

vary  slowly  in  time  1/7  (the  rate  equation  approximation).  Then, 


_  ,  \ 

Q a i>  '^<ia  fiw*) 
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Since: 
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t(w  -  v)  +  7 


Eq  (2.72)  reduces  to 


to  4  |  e’fc'n  ERe-Hvit-ki  +  <t‘n) 
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(2.72) 


(2.73) 


(2.74) 


where  Eqs  (2.69)  and  (2.70)  have  again  been  used. 

Eq  (2.74)  contains  the  expression  g„„  —  g/,/,.  The  second  assumption  of  the  rate  equation 
approximation  states  that  q,ui  —  gM(  is  continuously  at  steady-state  for  each  instantaneous  value 
of  E/r.L-  The  steady-state  expression  for  in  terms  of  the  electric  fields  is  thus  needed. 

Starting  with  the  equations  of  motion  for  £>„„  and  Qhin 
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(2.30b) 


Qaa  1*iQ*m  (  Q\„i  +  C.C. 


Ci, i,  =  A,,  -  7,, 
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and  using  Eqs  (2.32)  and  (2.74)  and  the  rotating  wave  approximation,  two  “rate”  equations  are 


obtained: 


Qti'i  A  a  ~UiQua  R(Q<kl  QU,) 


(2.75a) 


Qht,  =  A),  -  7i,Qt,),  +  R(e,m  -  Ql.l,) 


(2.75b) 


2  |  ^ErPr2"  h  }'RELpR“pLa  cos/3  +  ^Acv  -  ERELpR"  pLa  sin/? 
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P  =  ‘t’L  ~  4>R  +  2^2  +  A://?  —  A:(L  +  lR) 


—  tpL  ~  4ti  +  A:  (pfi  -  pl) 


Assuming  that  p,,,,  and  p/,,,  are  at  their  steady-state  values,  Eq  (2.75)  becomes: 


Q<id  Qbb 


(Aa/ 7a)  “  (A i,/7t,) 


1  +  (W) 


where 


Eq  (2.77)  corresponds  directly  to  Eq  (8.37)  of  (106).  The  expression  for  It  is  considerably  more 


complex  in  this  derivation,  however.  R  contains  the  terms  that  describe  the  spatial  hole  burning 


(interference)  effects  of  the  counterpropagating  electric  fields. 


Using  Eq  (2.77)  in  Eq  (2.74),  the  off-diagonal  component  of  the  density  matrix  can  now  be 


written  as: 


t  I  e,kln 


pR  t  4  "y 


£tk(LtlL)  +  kz-t  4.l  I 


p,L  I  ^Aw  -  +  7  j  11  (E/R, 


,%  _“v  .’*/•  >  ’n  _>■ 


r  V  V  V.V  ^ •  'V-  -  '  »  '  «/.** 


40 


Using  as  many  of  the  normalizations  as  possible,  and  collecting  the  sin/?  and  cos/?  terms  in  the 
denominator  of  Eq  (2.77),  Eq  (2.79)  can  be  written  as: 
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(2.8 1 d ) 


Eq  (2.80)  yields  the  steady-state  value  of  gat>,  for  given  fields  E.r  and  Ex.  in  the  medium.  Even 
though  the  electric  fields  can  vary  (slowly)  in  time,  Eq  (2.80)  describes  the  steady-state  value  of  the 
matrix  element,  per  the  adiabatic  approximation  discussed  earlier. 

£a(,  can  be  decomposed  into  Pr  and  Pr  via  Eq  (2.35),  rewritten  slightly  as: 
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Eq  (2.35a)  is  examined  first.  The  integral  on  the  right-hand  side  of  the  equation  can  be  expanded 
with  Eq  (2.80)  to  give: 
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The  first  integral  in  Eq  (2.82)  can  be  written  as: 


zq  ■+•  A/2 
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Eq  (2.83)  has  an  exact  solution  ( 1 59:  Eq  (2.558.4)).  However,  the  form  of  the  solution  depends  on 
whether  A7  —  B2  —  C 2  is  greater  than,  equal  to,  or  less  than  0.  After  some  algebra,  this  discriminant 
becomes: 
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The  first  three  terms  on  the  right-hand  side  of  Eq  (2.84)  are  positive,  while  the  last  term  is  negative. 
(<Pl  -  <Pr )2  should  be  very  small;  at  steady-state,  this  term  is  identically  zero.  If  the  fourth  term  is 
assumed  to  be  small  compared  to  the  previous  three  terms,  then 

A2  -  (B2  +  C2)  >  0  (2.85) 
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Eq  (2.558.4)  of  (159)  can  now  be  applied  to  Eq  (2.83): 
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The  second  integral  in  Eq  (2.82)  is  evaluated  next.  Using  Eq  (2.76)  and  performing  a  change 
of  variables,  the  integral  can  be  written  as: 


where 
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Eq  (2.558.2)  of  (159)  can  be  used  to  integrate  Eq  (2.87),  subject  to  the  constraint  of  Eq  (2.85): 
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Finally,  the  third  integral  in  Eq  (2.82)  is  evaluated  in  an  identical  manner,  yielding: 
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Eqs  (2.35a),  (2.82),  (2.86),  (2.89),  and  (2.90)  can  now  be  combined,  yielding  an  expression  for 
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Using  the  same  procedures,  the  corresponding  expression  for  Pl  can  be  derived 
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Eqs  (2.91)  and  (2.92)  describe  the  complex  polarizations  Pr,l  at  some  axial  location  z  and  time  t. 
These  expressions  are  functions  of  the  electric  fields  and  the  radial  coordinates  pn.L-  This  suggests 
substituting  the  two  equations  into  the  expressions  for  the  electric  fields,  thus  obtaining  a  self- 
consistent  set  of  field  equations.  For  convenience,  Eq  (2.58)  is  repeated,  along  with  the  analogous 
expression  for  Ex,: 
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Substituting  Eqs  (2.91)  and  (2.92)  into  Eq  (2.58),  separating  the  real  and  imaginary  parts,  and 
applying  the  normalizations,  the  final  equations  of  motion  in  the  rate  equation  approximation  are 


derived: 
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(2.93b) 


(2.93c) 


(2.93d) 


Several  observations  should  be  made.  First,  the  equations  have  the  same  form  as  Eqs  (2.59) 
and  (2.61).  However,  the  polarization  terms  ur,l  and  vr,l,  have  been  replaced  by  the  corresponding 
functions  of  £r.  L  and  4>r,l-  The  equations  are  thus  functions  only  of  the  electric  fields,  and  not 
of  the  polarizations.  Second,  Eq  (2.93)  is  a  set  of  coupled,  nonlinear  partial  differential  equations. 
Note  that  time  derivatives  of  both  4>r  and  4>t  exist  on  the  right-hand  sides  of  all  four  equations. 
Unfortunately,  these  derivatives  cannot  be  separated  out  and  collected  on  the  left-hand  sides  of 
Eqs  (2.93b)  and  (2.93d).  (This  was  the  source  of  some  of  the  stability  problems  of  the  time-dependent 
computer  code  for  the  Fabry-Perot  laser.)  Third,  the  equations  reduce  to  a  simple  set  of  coupled, 
nonlinear  ordinary  differential  equations  at  steady-state.  These  equations  are  easily  solved  on  a 
computer,  using  a  Runge-Kutta  or  similar  numerical  method.  Finally,  a  high  degree  of  symmetry 
exists  between  Eqs  (2.93a)  and  (2.93c)  and  between  Eqs  (2.93b)  and  (2.93d),  as  one  would  expect. 
This  symmetry  is  similar  to  that  existing  between  the  intensity  equations  of  the  simple  saturable 
gain  (go-I.at)  model. 

Equation  Summary 

The  main  equation  sets  derived  in  this  chapter  are  repeated  here  for  reference.  All  quantities 
are  in  the  normalized  units. 
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The  Field  (Maxwell)  Equations 
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The  Field  Equations  (in  the  Rate  Equation  Approximation) 
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III.  Semiclassical  Theory  of  the  Fabry- Perot  Laser 

The  semiclassical  theory  of  a  Fabry-Perot  laser  with  arbitrary  outcoupling  is  presented  in  this 
chapter.  As  a  detailed  derivation  of  the  semiclassical  theory  of  a  general  laser  is  presented  in 
Chapter  II,  only  the  main  results  of  a  parallel  derivation  for  the  Fabry-Perot  laser  are  presented 
here.  The  laser  device  and  several  main  definitions  are  presented  in  the  first  section  of  this  chapter. 
The  Bloch  equations  are  presented  in  the  second  section.  The  field  equations  are  given  next,  followed 
by  the  equations  of  motion  in  the  REA.  The  free-running  laser  at  steady-state  is  discussed  in  the 
fifth  section.  The  equations  of  motion  for  the  laser  and  the  appropriate  boundary  conditions  are 
given.  The  injected  laser  at  steady-state  is  discussed  in  a  similar  manner  in  the  next  section.  The 
chapter  is  summarized  in  the  final  section. 

The  Fabry-Perot  Laser 

The  Fabry-Perot  laser  consists  of  an  active  laser  medium  placed  between  two  plane-parallel 
mirrors.  The  mirrors  form  the  cavity,  with  an  optic  axis  z.  The  cavity  is  essentially  a  Fabry- 
Perot  interferometer.  The  Fabry-Perot  cavity  lies  on  the  boundary  between  the  stable  and  unstable 
resonators  on  a  stability  diagram  (144).  The  resonator  is  therefore  neither  stable  nor  unstable.  Light 
rays  will  walk  out  of  the  cavity,  unless  they  are  parallel  to  the  optic  axis.  However,  the  rays  will 
not  walk  out  at  an  increasing  rate,  as  in  an  unstable  resonator,  nor  will  they  be  refocused  toward 
the  optic  axis,  as  in  a  stable  resonator.  Outcoupling  from  the  laser  occurs  primarily  via  mirror 
transmission.  Nonetheless,  some  diffractive  spilling  about  the  edges  of  the  mirrors  may  occur.  For 
the  purposes  of  this  work,  the  diffractive  spilling  will  be  ignored.  This  can  be  easily  justified:  for  large 
enough  mirrors,  the  amount  of  diffractive  leakage  is  very  small.  The  laser  is  illustrated  schematically 
in  Figure  3. 1. 

The  mirrors  forming  the  cavity  have  complex  reflection  and  transmission  coefficients  given  by: 

Mirror  A:  (31a'b) 
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Mirror  A 


r 


Gain  Medium 


Figure  3.1.  The  Fabry- Perot  laser. 


Mirror  B: 


f  TD  =  rDeli 

\tD  =  iDt'* 


(3.1c, d) 


Although  outcoupling  can  occur  through  both  mirrors,  in  most  practical  cases  one  of  the  mirrors  is 
perfectly  reflective.  Outcoupling  then  occurs  only  at  one  end  of  the  laser.  The  gain  medium  extends 
far  enough  in  the  transverse  directions  so  that  it  is  not  a  limiting  aperture  for  the  laser  fields.  The 
longitudinal  extent  of  the  medium  is  unimportant  in  the  derivation  of  the  semiclassical  equations. 

The  electric  fields  inside  the  resonator  are  assumed  to  be  plane,  traveling  waves.  This  is  the 
geometric  optics  mode  for  a  Fabry-Perot  interferometer.  The  total  electric  field  is  given  by: 


E(z,t)  -  E UM) 


where  the  individual  traveling  waves  are  modeled  by: 
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Er,L  are  the  amplitudes  of  the  rightward  and  leftward  traveling  waves,  vj  is  the  frequency  of 
the  waves,  k  is  the  wavenumber,  and  4>r,l  are  the  phases  of  the  waves.  In  the  absence  of  an 
injected  signal,  i '/  is  simply  a  reference  frequency;  otherwise,  it  is  the  frequency  of  the  injected 
wave,  i/j  +  4>r  and  i//  +  4>l  are  the  instantaneous  frequencies  of  the  traveling  waves.  Note  that  only 
a  single  longitudinal  mode  is  allowed  to  exist  in  the  model.  Er  j,  and  4>R.l  are  real  and  assumed 
to  vary  slowly  in  both  time  and  space,  “c.c.”  denotes  the  complex  conjugate  term. 

The  total  polarization  P(z,  tj  of  the  medium  is  defined  in  a  similar  manner: 

P{z,t)  =  PR{z,t)  +  PL(z,t) 

Pn(z,t)exp{-i[vIt  -  kz  +  4>n(z,t)\  } 

+  Pl(z,  t)  exp{— »[i//t  +  kz  +  4>l(z ,  t)]  }  +  c.c. 

P,R(zJ  t)  exp  +  4>R(z,t)]} 

+  P'L(zy  t)  exp { - 1  [t'/t  +  <M2,t)]}  +  c.c.l  (3.4) 


The  polarization  wave  amplitudes,  Pr.l  and  P'R  L,  are  generally  complex  quantities.  All  four 
amplitudes  vary  slowly  in  time,  whereas  only  Pr,l  vary  slowly  in  space.  P'n  L  have  rapidly  varying 
z  dependencies  on  the  order  of  e±,kz,  in  addition  to  slowly  varying  envelopes  in  z. 

The  Bloch  Equations 

The  Bloch  equations  for  the  Faf  j -Perot  laser  can  be  obtained  in  an  identical  manner  as  those 
for  the  general  laser  (Chapter  II).  Since  there  are  no  pnx  terms  in  the  amplitudes  of  the  electric 
fields,  the  Fabry-Perot  derivation  is  slightly  simpler  than  the  general  laser  derivation.  One  subtle 


difference  in  the  two  derivations  lies  in  the  normalization  of  the  electric  fields.  Here,  the  fields  are 
normalized  as: 


&n.L  -  ^tEr  l 
in 


Obviously,  no  normalizations  of  the  radial  coordinates  Pr,l  are  necessary. 
In  normalized  form,  the  Bloch  equations  for  the  Fabry-Perot  laser  are: 
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These  equations  are  similar  in  form  to  the  Bloch  equations  of  the  general  laser  (Eq  (2.60)),  with 
only  two  main  differences.  The  first  difference  is  the  absence  of  the  p}i"L  terms.  These  terms  do 
not  appear  as  they  are  not  part  of  the  mathematical  representation  of  the  plane  waves.  The  second 
important  difference  is  the  simpler  integrands  in  the  first  four  equations.  The  cylindrical/spherical 
nature  of  the  waves  in  the  general  laser  adds  the  phase  terms  e'(n  L  to  the  electric  fields.  This 
additional  phase  term  creates  the  mixing  of  the  fields  in  the  integrands  of  Eq  (2.06).  Since  the  plane 
waves  in  the  Fabry-Perot  laser  do  not  have  these  phase  terms,  there  is  no  mixing  in  the  integrands 
of  the  Ur  l  equations.  Additionally,  these  phase  terms  do  not  appear  in  the  w  equation  for  the 


Fabry-Perot  laser. 


Eq  (3.7)  is  considerably  simpler  than  the  corresponding  equation  for  the  general  laser.  The  field 
amplitudes  are  driven  by  the  quadrature  component  of  the  polarization  wave,  while  the  phases 
are  driven  by  the  in-phase  term.  This  is  in  contrast  to  the  general  laser  case,  in  which  both  the 
amplitudes  and  phases  of  the  electric  fields  are  driven  by  the  in-phase  and  quadrature  components 
of  the  polarization  wave.  The  mixing  of  the  driving  terms  ur.l  and  vr ,l  in  Eq  (2.GG)  is  caused  by 
the  phase  factors  e'^H  L  of  the  cylindrical/spherical  waves. 

Eqs  (3.6)  and  (3.7)  form  the  Maxwell-Bloch  equations  for  the  Fabry-Pcrot  laser.  As  in  the 
general  laser  case,  the  set  of  equations  is  composed  of  both  “point”  and  “longitudinally  varying" 
equations.  Nonetheless,  the  equation  set  is  self-consistent.  In  order  to  solve  the  equations  numeri¬ 
cally,  expressions  relating  P'n  L  to  Pr.l  are  required  in  Eq  (3.6e). 


The  Equations  of  Motion  in  the  REA 

The  Maxwell-Bloch  equation  set  is  quite  complex.  Solving  the  equations  numerically  would 
be  prohibitive,  both  in  terms  of  the  numerical  methods  required  and  the  computer  costs.  If  the 
REA  can  be  justified  for  the  particular  laser  of  interest,  the  equations  of  motion  become  much  more 
manageable.  For  many  practical  applications,  the  REA  equation  set  can  be  used  with  excellent 
results. 

As  with  the  Maxwell-Bloch  equations,  the  derivation  of  the  equations  of  motion  in  the  REA 
follows  that  given  in  Chapter  II  almost  exactly.  The  final  set  of  normalized  equations  is: 
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Eqs  (3.8)  and  (3.9)  will  be  referred  to  as  the  traveling  wave  laser  (TWL)  model.  This  model  is 
a  considerable  simplification  over  the  full  Maxwell-Bloch  equation  set.  As  with  the  general  laser 
equations  in  the  REA,  Eq  (3.8)  has  time  derivatives  of  4>r,l  on  the  right-hand  sides  of  all  four 
equations.  This  created  considerable  stability  problems  when  the  equations  were  solved  on  the 
computer.  However,  under  the  appropriate  boundary  and  initial  conditions,  numerically  stable 
solutions  of  the  equations  can  be  calculated.  This  is  discussed  in  Appendix  B. 


The  Free-Running  Laser  at  Steady-State 

The  TWL  equations  can  be  used  to  calculate  the  laser  fields  in  a  free-running  laser  (i.e.,  a  laser 
without  an  injected  signal).  Often,  only  the  steady-state  values  of  the  fields  and  frequencies  are 
required.  The  TWL  equations  reduce  to  a  simple  form  in  this  limit.  The  reduced  equations  and  the 
appropriate  boundary  conditions  are  derived  in  this  section. 

The  frequencies  of  the  barecavity  modes  are  given  by  Eq  (2.57a),  rewritten  somewhat  as: 


(3.10) 


where  n  is  some  large  integer.  The  spacing  between  the  barecavity  modes  is  given  in  normalized 
units  by  c/2qL.  In  a  loaded  cavity,  the  actual  lasing  frequency  P  is  “pulled’’  closer  to  linecenter. 
This  occurs  because  of  the  large  index  of  refraction  changes  in  a  medium  near  an  atomic  resonance. 
The  laser  frequency  P  will  only  equal  Cl  when  the  barecavity  mode  lies  exactly  at  linecenter  (fl  —  il>). 
Figure  3.2  shows  the  relative  locations  of  Cl,  P,  cD,  and  the  reference  frequency  . 

Several  frequency  differences  are  required  in  the  ensuing  derivations: 

A m  ~  Cj  —  Cl  (3.11a) 

At  =  Cj  —  0  (3.11b) 

Aw  h  w  —  Pj  (3.llr) 


54 


Figure  3.2.  The  atomic  lineshape  curve.  Typical  positions  of  the  important  frequencies  are  indi¬ 
cated. 


These  differences  are  positive  if  f),  i>,  and  i>i  lie  to  the  left  (low  frequency  side)  of  the  atomic  line 
center,  and  negative  if  the  frequencies  lie  on  the  right  or  high  frequency  side  of  uj. 

At  steady-state,  the  laser  frequency  0  is  constant  throughout  the  resonator.  As  a  result. 


•PR  =  PL  =  V 


v  ~  i>i  +  <pn 
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~  Vi  +  P 


(3.13a) 
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(3.13c) 


Notice  that  the  time  derivatives  of  if’n.L  do  not  go  to  zero  at  steady-state.  They  are  merely  constants, 
as  u  is  fixed.  Consequently,  4>ft.L  can  vary  linearly  in  time.  The  field  amplitudes  do  not  vary  in 


time  at  steady-state,  so  that: 


dE_n  =  d&L 

dl  dt 
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The  TWL  equations  at  steady-state  can  now  be  obtained.  First,  Eq  (3.9)  simplifies  to 

1  +  A?2 
2 

B=TTKP 

C  =  0 


With  a  little  algebra,  Eqs  (3.8a,c)  can  be  written  as: 


dEn  _  1  /  Er 

En  1 

dz  0  [  f2 

(1  +  A t?)i/A2  -  B2  2h£ 

R 

^  v/A2  -  B2  ) 

a  [(1  +  A  P)VA^B3'  2flEn 

if.-  .  „  uv,,At  En  1  (  A 

i>  I  £r  (1  +  A P),/A2  -  B2  2 fitn\  vM2  -  B2 


d<t>L  1  J  A.*  A  *  tie, At  El  1  ( ,  A 

5*  iH  El  (1  +  Af2)^2  -  B2  2r,£L\  VA--B 2 


(3.16c) 


(3. lCd) 


If  the  lasing  frequency  i),  and  thus  At,  is  known  a  priori ,  Eqs  (3.16a,b)  can  be  used  immediately  to 
calculate  the  electric  fields  inside  the  laser.  However,  if  i>  is  unknown,  all  four  equations  are  required 
in  a  calculation.  Notice  that  the  medium  can  cause  the  phases  of  the  fields  to  vary  spatially  These 
variations  produce  small  frequency  shifts  in  the  output  beam. 

The  boundary  conditions  can  be  obtained  by  considering  Figure  3.3.  Eqs  (3.1)  and  (3.3)  can 
be  combined  at  mirror  A  to  yield: 
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The  boundary  condition  at  mirror  B  is  found  in  a  similar  manner.  After  some  simple  algebra: 

£l(1)  =rfl£j,(l)  (3.19a) 

=  ^fi(l)  —  2fcL  -  4>hb  (3.19b) 

If  the  reference  frequency  £7  is  equal  to  the  actual  lasing  frequency  0,  then  2 kL  is  equal  to  2mn, 
where  m  is  some  integer.  Then,  in  a  round  trip,  the  total  change  in  phase  due  to  4>r,l  will  exactly 
equal  the  phase  added  in  by  the  mirrors.  If  4>ra  +  4>rb  =  2tt,  then  the  additional  phase  due  to 
4>r  will  exactly  cancel  that  added  in  by  4>l  across  the  whole  of  the  resonator.  On  the  other  hand, 
if  £/  is  not  equal  to  0,  then  2kL  will  not  be  an  integral  multiple  of  2-n.  The  total  phase  change  in 
a  round  trip  will  not  be  an  integral  multiple  of  2n,  indicating  that  the  reference  frequency  £7  is  not 
the  actual  lasing  frequency. 

The  phase  equations  and  the  boundary  conditions  thus  describe  a  phase  “error”,  due  to  op¬ 
eration  away  from  the  actual  laser  frequency  t>.  If  the  phase  error  at  tq  is  calculated,  then  £  can 
be  determined.  A  numerical  algorithm  for  calculating  0  is  described  in  Appendix  B,  based  on  the 
above  discussion. 

Mirror  B  is  assumed  to  be  partially  transmissive,  so  the  outcoupling  occurs  through  this  mirror. 
The  radiated  field  is  given  by: 

E„ut  =  tiJe’*rB£,?(l)e_,i‘',t'*L+*',t11]  (3.20) 

The  relationship  between  the  transmission  and  reflection  coefficients  is  discussed  more  fully  in  Ap¬ 
pendix  A. 

The  Injected  Laser  at  Steady-State 

The  TWL  equations  reduce  to  a  very  simple  form  in  the  injected  laser  case.  This  set  of  equal  ions 
is  quite  similar  to  the  free-running  laser  equations.  The  injected  field  is  incorporated  as  one  of  the 
boundary  conditions.  Before  deriving  the  equations  of  motion  and  the  boundary  conditions,  the 
underlying  physical  processes  involved  in  injection  locking  must  be  discussed. 
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Figure  3.4.  The  phasor  relationship  at  mirror  B  with  an  injected  held. 

For  the  purposes  of  this  research  project,  the  injected  Fabry-Perot  laser  is  assumed  to  have  one 
perfectly  reflective  mirror  (mirror  A)  and  one  partially  transmissive  mirror  (mirror  B).  Injection  is 
accomplished  through  the  partially  transmissive  mirror,  as  is  the  outcoupling.  The  general  schematic 
of  the  laser  is  given  in  Figure  1.2a. 

Injection  locking  can  be  very  easily  understood  if  the  electric  fields  are  thought  of  as  phasors. 
In  the  free-running  case,  a  phasor  (E^,)  is  launched  from  mirror  B  in  the  -2  direction.  After  a  round 
trip,  the  resultant  phasor  must  be  exactly  the  same  as  the  initially  launched  field.  This  round  trip 
condition  fixes  the  frequency  0  of  the  free-running  laser.  The  situation  is  somewhat  different  in  the 
injected  case.  The  laser  is  forced  to  operate  at  the  nonresonant  frequency  i>;  of  the  injected  signal. 
Consequently,  t  ire  initially  launched  phasor  will  not  return  upon  itself  in  a  round  trip.  However,  tf 
the  vector  sum  of  the  field  after  the  round  trip  plus  the  injected  field  exactly  equals  the  initial  phasor, 
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the  round  trip  condition  is  once  again  satisfied.  This  is  illustrated  in  Figure  3.4.  The  injected  field 


required  to  lock  the  laser  is  the  field  that  “closes”  the  vector  triangle.  In  this  manner,  the  laser  can 
operate  at  a  nonresonant  frequency,  yet  still  satisfy  the  round  trip  condition. 

The  injected  field  just  inside  mirror  B  is  given  by: 


E/(l,  t)  = 


(3.21) 


The  phase  of  one  of  the  three  electric  fields  is  arbitrary  and  can  be  set  to  any  desired  value.  For 
simplicity,  is  selected  and  set  equal  to  zero.  If  E/jv  denotes  the  injected  field  external  to  the  slave 
laser,  then  clearly: 

Eie-^i',i  +  kz\ 


E/at  = 


(3.22) 


tDc",>TD 

Notice  that  the  amplitude  of  the  injected  field  does  not  vary  spatially  or  temporally. 

Since  £>j  is  the  frequency  of  the  fields  inside  the  laser,  the  time  derivatives  of  Er.l  and  4>rt.L 
are  identically  zero  at  steady-state.  This  creates  a  significant  reduction  in  complexity  in  the  TWL 
equations.  First,  Eq  (3.9)  reduces  to: 
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Then,  Eq  (3.8)  becomes: 
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Figure  3.5.  The  boundary  condition  at  mirror  B. 


Eqs  (3.23)  and  (3.24)  are  quite  similar  in  form  to  Eqs  (3.15)  and  (3.16).  The  main  difference  lies  in 
the  frequency  terms.  Notice  that  Cl  -  t>j  =  A <2>  -  Am. 

Since  mirror  A  is  totally  reflective,  its  boundary  condition  is  given  by  Eq  (3.18): 

£ji(  0)  =  £t(0)  (3.18a) 

*r(0)  =  M0)-*  (3.18b) 


Referring  to  Figure  3.5,  the  boundary  condition  at  mirror  B  can  be  written  as: 


or,  after  canceling  some  of  the  exponential  terms  and  normalizing: 


ro 
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(3.25) 


Eq  (3.25)  cannot  be  separated  into  a  pair  of  amplitude  and  phase  equations.  It  must  be  solved  as  a 


vector  equation. 


The  2 kL  term  must  be  accounted  for  in  the  boundary  condition.  Generally,  the  injected  signal 


will  not  coincide  with  v.  2 kL  will  be  of  the  form: 

2 kL  —  2mn  +  t5,  m  =  0,  1, 2, .  . .  (3.26) 

where  6  is  some  fractional  term  in  the  range  (  — jt,  7r] .  As  the  frequency  of  the  laser  changes  from 
one  longitudinal  mode  to  the  next,  2kL  changes  by  2tr.  Referring  to  Figure  3.2,  the  phase  offset 
is  approximately: 

i?  t>/  -  0 

2tr  *  (c/2'yi) 

so  that: 

3  ss  2nf 3(l>i  -  0)  (3.27a) 

where  f3  =  2 qL/c  is  the  normalized  round  trip  time  inside  the  cavity  (inverse  of  the  barecavitv  lon¬ 
gitudinal  mode  spacing).  Notice  that  Eq  (3.27a)  is  only  an  approximation,  as  the  actual  longitudinal 
mode  spacing  will  not  equal  c/2~)L  if  the  mode  pushing  and  pulling  effects  are  taken  into  account. 
Using  the  loaded  cavity  longitudinal  mode  separation  expression,  Eq  (7.5c),  the  phase  offset  can  be 
written  exactly  as: 

3  =  2ir f3(At  -  Au) 

The  boundary  condition  at  mirror  B  can  now  be  written  in  its  final  form: 

TD&n ( l)e-1  1  *  - ^  +  £,  =  £/.(l)e-,*'-<11  (3.28) 

An  overall  “system"  gain  can  be  defined  by  examining  Figure  3.5.  This  gain  is  the  total  field 
radiated  from  the  laser  divided  by  the  injected  field: 
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(3.27b) 


(3.29) 


The  intensity  gain  is  a  somewhat  more  useful  quantity;  it  is  given  by: 


Ci  —  9i9i 

=  ^  |(1  -  ri))2  +  rlV  +  2rc(l  -  r2D  )E]  Ep  cos  [<pn  -  6  ■+  <Pnt)  -  2^rn)|  ( 3 .30) 

If  the  injected  intensity  is  much  smaller  than  the  outcoupled  radiation  from  the  slave  laser.  G  i  will 
indicate  the  relative  power  required  for  locking.  Experimentally  measured  system  gains  of  up  to  10H 
have  been  reported  in  the  literature  (40). 

A  second  gain  G 2  can  be  defined  as: 


G  2  = 


E2l(  1) 


(3.31) 


G 2  is  the  ratio  of  the  intensity  of  the  phasor  launched  from  mirror  B  and  the  internal  injected 
intensity  required  for  locking.  It  is  indicative  of  the  relative  sizes  of  the  internal  laser  intensities  ami 
the  required  injected  intensities.  C2  is  always  greater  than  or  equal  to  unity. 


Summary 

The  semiclassical  equations  for  the  Fabry* Perot  laser  were  described  in  this  chapter  Both  the 
Maxwell-Bloch  set  and  the  TWL  equations  were  given.  The  derivations  of  these  sets  parallel  the 
detailed  derivations  given  in  Chapter  II.  The  TWL  equations  were  reduced  in  two  special  cases:  the 
free-running  laser  at  steady-state  and  the  injection  locked  laser  at  steady-state.  The  appropriate 
boundary  conditions  for  each  case  were  given  A  system  gain  G\  and  an  internal  intensity  gain  G. 
were  defined. 
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IV.  Comparisons  of  the  TWL  Model  to  Other  Theories 

Many  models  have  been  developed  to  describe  the  operation  of  a  laser.  Among  the  theories 
published  in  the  literature  are  the  simple  saturable  gain  model  and  the  semiclassical  model,  described 
briefly  in  the  first  chapter.  Both  formalisms  have  been  used  to  model  free-running  and  injected  lasers. 

The  semiclassical  theory  of  the  Fabry-Perot  laser  developed  in  the  previous  chapter  is  compared 
to  six  different  models  in  this  chapter.  In  the  appropriate  limits,  the  theory  is  shown  to  reduce  to 
the  other  models.  The  lasing  thresholds,  free-running  frequencies,  and  system  gains  of  the  various 
models  are  given,  where  appropriate.  The  first  three  sections  compare  the  TWL  theory  to  three 
different  free-running  laser  models:  the  simple  saturable  gain  model,  the  model  of  Agrawal  and 
Lax  (142,  143),  and  Lamb’s  semiclassical  theory  (134,  135).  The  TWL  theory  is  then  compared  to 
the  free-running  and  injected  laser  theories  of  Spencer  and  Lamb  (101),  the  injected  laser  model  of 
Chow  (82,  83),  and  Ferguson’s  model  of  the  injected  laser  (87,  88).  The  final  section  summarizes 
the  chapter. 


The  Simple  Saturable  Gain  Model 

The  simple  saturable  gain  model,  also  referred  to  as  the  <7,,-/,, model,  was  introduced  in 
Chapter  1.  A  slightly  expanded  form  of  the  theory  can  be  written  as  (123): 
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As  only  homogeneous  broadening  is  of  interest,  t  will  be  set  equal  to  unity  in  the  following.  The 
intensity  terms  in  the  denominator  of  Eq  (4.1c)  account  for  the  saturation  of  the  gain  in  the  pres¬ 
ence  of  an  electric  field.  The  L  terms  on  the  right-hand  sides  of  Eq  (4.1)  are  due  to  the  length 
normalizations. 

At  very  low  pumping  levels,  In.L  1-  The  first  term  in  the  denominator  of  Eq  (4.1c)  is  the 
dominant  term.  The  simple  saturable  gain  model  reduces  to: 

^  =  {g»L  -a„L)IR  (4.2a) 

dz 

~  =  -{g,,L-a,tL)IL  (4.2b) 

The  gain  is  exponential  in  this  case.  This  limit  can  be  applied  to  the  region  near  the  lasing  threshold. 
In  the  opposite  extreme  of  hard  pumping,  the  intensity  terms  dominate  the  denominator.  The  gain 
is  linear  in  this  limit. 

Despite  its  widespread  use  to  calculate  internal  laser  fields,  output  powers,  and  extraction 
efficiencies,  the  simple  saturable  gain  model  suffers  from  a  serious  deficiency:  spatial  hole  burning 
is  not  accounted  for.  Spatial  hole  burning  is  an  effect  due  to  the  interference  of  the  leftward  and 
rightward  traveling  waves  in  the  gain  medium.  It  is  most  easily  understood  in  the  context  of  a 
standing  wave  laser. 

In  the  general  laser  device,  there  are  two  counterpropagat ing  electric  fields.  If  the  outcoupling 
is  very  low  (the  standing  wave  laser  limit),  the  two  waves  interfere  with  each  other  and  form  a 
standing  wave  inside  the  cavity.  Over  a  half  wavelength  of  the  radiation,  the  standing  wave  changes 
from  a  null  to  a  peak  value  to  second  null.  In  the  peak  intensity  regions,  the  fields  saturate  the  gain 
and  depress  the  population  inversion  density.  In  the  region  about  the  nulls  in  the  standing  wave 
pattern,  the  inversion  density  is  not  depressed  and  the  gain  remains  at  its  unsaturated  value  <70  ■  A 
series  of  “spatial  holes"  are  thus  “burned”  into  the  population  inversion  density  This  is  illustrated 
in  figure  4.1.  These  holes,  when  spatially  averaged,  cause  the  overall  gain  of  the  device  to  be  lower 
than  the  small  signal  gain  go.  The  simple  saturable  gam  model  does  not  include  the  interference 
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Figure  4  1.  Spatial  hole  burning  The  upper  plot  illustrates  the  standing  wave  electric  field,  the 
lower  plot  is  the  population  inversion  density. 

effects  of  the  traveling  waves  on  the  gain  medium.  The  spatial  holes  are  not  burned  into  the  inversion 
density,  and  the  gain  remains  fixed  at  the  small  signal  value  i|,,.  As  a  result,  the  simple  saturable 
gain  model  overestimates  the  gain  and  predicts  higher  field  levels  inside  the  laser  than  those  that 
actually  exist. 

The  TWL  theory  of  Chapter  III  correctly  accounts  for  spatial  hole  burning  In  the  denvutioii 
of  the  general  laser  theory  (Chapter  II),  the  interference  of  the  two  traveling  waves  ran  be  dearK 
seen  in  Eq  (2.7(1)  The  explicit  z  dependencies  are  averaged  out  in  the  integrations  of  Kq  (2  f>) 
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However,  the  overall  effect  of  lowering  the  gain  clue  to  the  interference  of  the  traveling  waves  is 
properly  incorporated  into  the  semiclassical  theory. 

Near  the  lasing  threshold,  the  intensities  of  the  traveling  waves  are  very  small.  The  peak  field 
amplitude  of  the  interference  pattern  created  by  the  waves  is  correspondingly  small.  The  lowering  of 
the  gain  due  to  spatial  hole  burning  is  minimized  in  this  operating  region.  The  TWL  model  should 
therefore  reduce  to  the  simple  saturable  gain  theory  in  near  threshold  operation.  This  hypothesis 
can  be  tested  by  simplifying  Eqs  (3.8)  and  (3.9)  under  the  assumption  that  Ep  p  are  very  -mall. 

Examining  the  TWL  equation  for  Ep  ( Eq  (3.8a)),  the  medium  gain  is  given  by  the  term: 
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The  argument  of  the  square  roots  ran  be  expanded  as  (cf.  Eq  (2.84)): 
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If  the  fields  are  so  small  that  Ep  /,  1,  then  the  terms  of  greater  than  second  order  in  the  fields 


can  be  neglected  in  Eq  (4.4).  The  equation  then  reduces  to: 
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1  I  sing  the  binomial  series  expansion,  the  square  root  term  can  be  written  as: 
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Using  Eq  (4.6)  in  (4.3)  and  again  neglecting  the  terms  of  greater  than  second  order  in  the  electric 
fields,  the  gain  term  can  be  expressed  as: 
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Tliis  expression  for  the  gain  can  be  combined  with  Eq  (3.8a)  to  yield  the  near  threshold  equation 


for  Er'. 
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Finally,  taking  Eq  (4.8)  to  the  steady-state,  and  multiplying  both  sides  by  Er,  the  intensity  equation 
for  the  rightward  traveling  wave  is  obtained; 
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where  Ir  =  E\. 


In  a  similar  manner,  the  equation  for  Ir  can  be  obtained  from  Eq  (3.8c): 
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where  Ir  =  E £. 

Eq  (4.9)  has  exactly  the  same  form  as  Eq  (4.2),  if  the  following  identifications  are  made: 
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(4.10a) 


(4.10b) 


Consequently,  the  TWL  theory  reduces  to  the  simple  saturable  gain  model  in  the  limit  of  operation 


very  close  to  the  lasing  threshold. 


In  order  to  complete  the  comparison  between  the  two  models,  an  expression  for  must  be 
derived.  This  expression  can  be  obtained  by  considering  the  limiting  case  in  which  El,  — »  0  (the 


single  pass  amplifier).  Considering  Eq  (3.9)  of  the  TWL  theory: 
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Using  Eq  (4.11)  in  (3.8a),  taking  the  resultant 


corresponding  intensity  equation  yields: 
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A  similar  relationship  can  be  obtained  from  Eq  (4.1a),  if  IL  — ►  0: 
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Comparing  Eqs  (4.12)  and  (4.13)  shows  that: 
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Iant  increases  as  the  frequency  £>  of  the  laser  moves  away  from  linecenter.  This  makes  sense  physically, 
in  light  of  the  following  argument.  As  the  frequency  0  moves  off  linecenter,  the  stimulated  emission 
cross  section  of  the  atom  decreases,  making  it  less  probable  that  a  given  atom  will  undergo  a 


stimulated  transition.  The  intensity  required  to  saturate  the  medium  should  therefore  increase  as  0 
moves  away  from  ill.  Additionally,  Eq  (2.134)  of  (145)  shows  that: 


I..U  «  -  (4.15) 

where  cra  is  the  stimulated  emission  cross  section.  Consequently,  7„I(  will  increase  as  u  departs  from 
linecenter. 

Since  the  TWL  theory  reduces  to  the  simple  saturable  gain  model  near  threshold,  both  models 
will  exhibit  the  same  threshold  laser  gain.  An  expression  that  describes  the  threshold  inversion 
density  required  for  the  laser  to  operate  can  easily  be  derived.  Eq  (6.1-8)  of  (146)  defines  the 
threshold  gain  as: 

gnLj  =oc0Lg-\nrArB  (416) 

I  th 

where  Lg  is  the  length  of  the  gain  medium  (unnormalized  units).  Using  Eqs  (4.10)  and  letting  rA  =  1 
yields  the  threshold  inversion  density: 

uU  =(1  +  AP) 

Ith 

where: 

K  S  (4.17b) 

Since  weq  is  proportional  to  the  zero  field  inversion  density,  i2icq\  is  proportional  to  the  threshold 

>th 

inversion  required  for  lasing.  A  second  useful  quantity  is  the  value  of  rB  for  which  the  laser  is  at 
threshold  for  a  fixed  pump  rate  (u)c,,).  This  quantity  can  be  found  by  inverting  Eq  (4.17a): 
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The  Agrawal-Lax  Theory 

A  limitation  of  the  simple  saturable  gain  model  is  that  spatial  hole  burning  is  not  modeled. 
Agrawal  and  Lax  (142,  143)  recognized  this  problem,  and  derived  a  steady-state  theory  of  the  laser 
that  does  incorporate  the  interference  effects  of  the  two  traveling  waves.  In  their  theory,  the  electric 
field  inside  the  laser  is  assumed  to  be  composed  of  an  infinite  series  of  plane,  traveling  waves: 

E  =  Yi  E"e'nk‘  (4 -18) 
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Substituting  this  expression  for  the  field  and  a  quantum-mechanicaily  derived  gain  expression  into 
the  Helmholtz  equation  yields  an  infinite  set  of  coupled  equations  describing  the  spatial  evolution 
of  the  coefficients  En.  By  neglecting  the  transverse  held  variations,  selecting  only  the  lowest  order 
pair  of  traveling  waves,  and  converting  the  field  amplitude  expressions  into  intensity  expressions,  a 
final  pair  of  equations  is  obtained: 
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n  is  the  atomic  density  and  fc;  —  Zc2c2/i/2 


is  the  linear  dielectric  constant.  The  nonsaturable  medium 


losses  are  ignored  in  Eqs  (4.19),  but  can  be  easily  introduced. 
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The  Agrawal-Lax  equation  set  is  identically  the  same  as  the  TWL  equation  set  at  steady-state. 
This  is  easily  demonstrated.  Starting  with  Eq  (3.16a)  and  ignoring  the  losses  of  the  medium  yields: 
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With  the  definitions: 


4  = 

4  =  n££ 

and  Eq  (3.15),  the  following  identifications  can  be  made: 

a  =  A(1  +  At2) 

b  =  B(1  +  At2) 

The  definitions  in  Chapter  II  can  be  used  to  demonstrate  that: 
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Finally,  converting  Eq  (4.21)  into  its  intensity  form  and  using  Eqs  (4.22)  and  (4.23),  an  expression 


for  I'R  is  obi  ained: 
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This  is  exactly  the  same  expression  as  Eq  (4.19a).  In  an  identical  manner,  Eq  (3.16b)  can  be  shown 
to  be  equivalent  to  Eq  (4.19b). 

The  intensity  form  of  the  TWL  equation  set  at  steady-state  is  thus  the  same  as  the  Agrawal-Lax 
equations.  The  Agrawal-Lax  set  cannot  be  used  to  determine  the  lasing  frequency  v ,  unlike  the  TWL 
equations  in  steady-state.  It  is  interesting  to  note  that  once  the  gain  <73  is  obtained  from  quantum 
mechanics,  the  Agrawal-Lax  derivation  is  somewhat  similar  to  the  TWL  equation  set  derivation. 
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Agrawal  and  Lax  point  out  that  the  interference  effects  are  contained  in  the  term  b  [B  in  t he 
TWL  equation  set).  By  setting  B  to  zero,  the  effects  of  the  spatial  hole  burning  disappear,  and  the 
TWL  equation  set  reduces  to  the  simple  saturable  gain  equations.  In  this  limit,  Eq  (3.16a)  becomes: 
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Converting  this  equation  to  the  intensity  form  and  using  Eqs  (4.10)  and  (4.14)  finally  gives: 


din 

dz 


Qv>L 


i+ 

•  A  lit 


—  a0L  /  Ir 


(4.26) 


Eq  (4.26)  is  exactly  the  simple  saturable  gain  model  expression  for  In.  The  expression  for  In  can 
be  reduced  in  an  identical  manner;  it  also  yields  the  simple  saturable  gain  model  expression.  As 
a  result,  it  is  clear  that  the  term  B  contains  the  interference  information  about  the  two  traveling 
waves  in  the  laser. 

Since  the  Agrawal-Lax  theory  and  the  steady-state  TWL  theory  are  the  same,  both  models  will 
have  the  same  threshold  population  inversion  densities  and  threshold  reflectivities.  The  expressions 
for  the  thresholds  are  given  in  Eq  (4.17). 


The  Semiclassical  Theory  of  the  Standing  Wave  Laser 

The  semiclassical  theory  of  the  standing  wave  laser  was  first  published  by  Lamb  (135).  The 
theory  is  quite  similar  to  the  traveling  wave  theory  of  this  research.  The  derivations  of  Chapter  II 
follow  loosely  the  methods  used  by  Lamb. 

Several  major  differences  exist  between  the  TWL  theory  of  Chapter  III  and  Lamb  theory, 
however.  Lamb  theory  assumes  that  the  outcoupling  from  the  resonator  is  so  small  that  the  electric 
fields  can  be  adequately  expanded  as  a  summation  of  plane,  standing  waves: 

E(z,  t)  =  1  £  £n(«)e- sin(fc„z)  +  c.c.  (4.27) 
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If  only  a  single  mode  is  oscillating,  Eq  (4.27)  can  be  written  as: 
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sin(fc„z)  +  c.c. 


(4.28) 


Since  the  outcoupling  is  very  low,  the  amplitudes  En(t)  do  not  vary  spatially.  The  leftward  and  right- 
ward  traveling  waves  that  comprise  the  standing  wave  are  assumed  to  be  identical.  The  phases  4>n(t) 
of  the  standing  waves  do  not  vary  spatially.  Finally,  boundary  conditions  such  as  those  in  the  TWL 
theory  are  not  required.  The  outcoupling  losses  are  simply  added  to  the  medium  loss  term  1  /r2. 

Under  the  REA,  the  Lamb  equations  of  motion  for  a  single  longitudinal  mode  electric  field  can 
be  written  as  (106): 
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Eq  (4.29)  is  in  normalized  form.  Note  that  £/  is  used  as  the  reference  frequency,  instead  of  0n.  Since 
only  one  longitudinal  mode  is  present,  the  usual  subscript  n  on  ft  is  omitted.  Also,  the  losses  due  to 
outcoupling  are  explicitly  shown  in  Eq  (4.29a),  instead  of  being  lumped  into  a  loss  constant  l/?„. 
The  outcoupling  is  assumed  to  only  occur  through  mirror  B.  The  gain  medium  does  not  necessarily 
fill  the  entire  cavity,  as  is  seen  by  the  La  factor  in  the  field  amplitude  loss  term. 

When  the  outcoupling  approaches  zero,  the  TWL  theory  reduces  to  Lamb’s  standing  wave 
theory.  This  is  easily  demonstrated.  In  the  limit  of  no  outcoupling,  the  left  and  right  traveling 
waves  are  identical,  except  for  the  propagation  direction.  Consequently: 

&a  =  &i.=  \£n  (4.30a) 
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The  spatial  derivatives  of  the  amplitudes  and  phases  of  the  traveling  waves  go  to  zero.  Under  these 


constraints,  Eq  (3.9)  becomes: 
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Using  Eqs  (4.30)  and  (4.31)  in  Eq  (3.8a)  and  dropping  the  spatial  derivative  gives: 
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or,  after  some  simple  algebra: 
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fn  an  identical  manner,  Eq  (3.8b)  transforms  into: 
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Eq  (4.32)  is  exactly  the  same  as  Eq  (4.29)  in  the  limit  r/;  — *  1.  The  same  procedures  can  be  applied 
to  Eq  (3.8c,d)  with  the  same  results.  Clearly,  the  TWL  theory  reduces  to  the  standing  wave  theory 
as  the  outcoupling  approaches  zero. 

The  steady-state  lasing  frequency  0  can  be  obtained  from  Eq  (4.29).  With  the  time  derivative 
of  set  equal  to  zero,  Eq  (4.29a)  can  be  rearranged  as: 
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This  equation  can  be  substituted  into  Eq  (4.29b)  to  give  the  (constant)  steady-state  value  of  pn: 
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Since  u  =  £/  +  <£>„,  Eq  (4.33)  can  be  used  to  obtain  the  free-running  laser  frequency  at  steady-state: 


4-  <jj  (  tt-  —  — i —  1  n  r£j 

V72  hi, 

1  +  i —  -rk~  In  td 
7 2  ^ 


(4.34a) 


The  frequency  offset  term  At  is  a  somewhat  more  useful  quantity: 


1  -f  -it-  —  — —  In  rj3 

T2  *3  La 


(4.34b) 


Note  that  only  the  losses  of  the  laser,  the  linecenter  frequency  ui,  and  the  barecavity  frequency  Cl 
appear  in  the  formulae  for  0  and  At.  The  larger  the  outcoupling  loss,  the  closer  0  will  be  pulled 
toward  linecenter.  Eq  (4.34)  is  equivalent  to  Eq  (8.58)  of  (106),  which  was  obtained  with  the  third- 
order  Lamb  theory. 

The  lasing  threshold  can  be  found  by  considering  Eq  (4.29a)  at  steady-state.  A  few  rearrange¬ 
ments  of  the  terms  yields: 


*"  =  57  1  + 


htl 

1  +  (A(i  -  < Pn)2  ) 


Di  =  x - 4-  lnrB 

T2  T3Lg 


d,  =  2^i 


(4.36a) 


(4.36b) 
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If  the  laser  is  operating  very  close  to  threshold,  then 


h  ft 


1  +  (Aw  -  <pn) 


<  1 


Using  a  binomial  series  expansion  on  the  square  root  term  in  Eq  (4.35),  discarding  the  terms  of 
order  E*  or  greater,  and  performing  some  simple  algebra  results  in: 


E. 


,2  _  4[l  4-  (Adi  -  y>„)2]  j  ^  [l  -r  (Ail)  -  <pn)2]  ) 

3?!  I  J 


(4.37) 


At  the  threshold,  En  —*  0,  so  that: 


i  _  E>i  [l  +  (A£  -  pn)2]  =  q 


or, 


ueq 


th 


=  (1  +  A  P) 


h 


In  rD 


(4.38) 


This  is  exactly  the  same  threshold  condition  as  was  found  for  the  simple  saturable  gain  model  and 
the  TWL  model.  The  standing  wave  model  thus  has  the  same  threshold  value  of  as  the  other 
two  models: 

r  / 

1  w,„ 


rn  =  exp 
Ith 


h  1  +  At2 


(4.17c) 


The  Spencer-Lamb  Theory 

The  Spencer-Lamb  theory  (101)  is  a  modified  version  of  the  semiclassical  theory  of  the  standing 
wave  laser.  The  physics  of  the  interaction  between  the  gain  medium  and  the  electric  fields  is  identical 
to  that  of  the  Lamb  theory.  However,  the  theory  makes  use  of  a  different  mirror  model.  The  mirror 
affects  both  the  phase  and  frequency  equations.  The  injection  of  an  external  signal  is  modeled  by 
considering  the  boundary  conditions  for  the  electromagnetic  fields  at  the  transmissive  mirror.  The 
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injected  signal  appears  as  an  additional  source  term  in  the  wave  equation,  and  hence  as  a  source 


term  in  the  field  amplitude  and  phase  equations. 


Mirror  A  is  assumed  to  be  perfectly  reflective,  whereas  mirror  B  is  modeled  as  an  infinitesimally 


thin  slab  of  dielectric  material.  Mirror  B,  or  the  “dielectric  bump,”  has  a  permittivity  given  by: 


f£>£?(z)  =  «o[l  +  A6(z  -  L)] 


(4.39) 


where  &[z)  is  the  Dirac  delta  function.  By  matching  the  boundary  conditions  for  electric  and 


magnetic  fields  across  the  dielectric  bump,  the  reflection  and  transmission  coefficients  can  be  ob¬ 


tained  (147): 


I'D  —  rD« 


4>ro  — 


2  —  it) 


(4.40a) 


t  d  —  fee* 


2  —  IT} 


(4.40b) 


where  rj  =  kh  is  a  measure  of  the  height  of  the  dielectric  bump.  The  amplitudes  and  phases  of 


the  coefficients  are  given  in  terms  of  rj  as: 


\/ 4  +  T]2 


(4.41a) 


4>RD  =  ~  +  arctan 


(4.41b) 


1 4  +  i}2 


(4.41c) 


4>TD  —  arctan 


(4.4  Id) 


Additionally,  rj  can  be  expressed  in  terms  of  rD  as: 


(4.41e) 


The  dielectric  bump  has  some  interesting  and  aphysical  properties  that  are  dealt  with  extensively 


in  Appendix  A.  These  properties  directly  affect  the  lasing  frequency  and  lasing  threshold. 


saw 
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The  Spencer-Lamb  model  without  an  injected  signal  can  be  written  in  the  normalized  system 


Eq  (4.42)  is  very  similar  in  form  to  Eq  (4.29).  The  dielectric  bump  introduces  a  different 
loss  term  in  the  field  amplitude  equation,  compared  to  the  loss  of  a  conventional  mirror.  It  also 
adds  a  phase  term  to  the  <j>n  equation.  This  extra  phase  term  shifts  the  barecavity  mode  fi  to  a 
different  value.  The  interactions  between  the  electric  field  and  the  medium  remain  the  same  as  in 
the  Lamb  model.  The  gain  medium  is  assumed  to  extend  completely  between  the  mirrors  in  this 
model  [Lg  —  1.0). 

In  the  limit  of  rp  — *  1,  the  Spencer-Lamb  model  becomes  identical  to  the  Lamb  model.  As  rD 
approaches  unity,  rj  becomes  infinite.  The  dielectric  bump  loss  term  in  Eq  (4.42a)  and  the  additional 
phase  term  in  Eq  (4.42b)  both  approach  zero  when  rj  approaches  infinity.  Thus,  the  Spencer-Lamb 
model  reduces  to  the  Lamb  model  when  no  outcoupling  is  allowed.  In  this  limit,  the  TWL  theory 
also  reduces  to  the  Lamb  theory.  Consequently,  all  three  models  converge  when  the  outcoupling 
becomes  negligible. 

The  free-running  frequency  u  of  the  Spencer-Lamb  model  can  be  derived  in  the  same  manner 
as  Eq  (4.34).  Following  the  same  steps,  the  expression  for  <pn  is  found  to  be: 


Cl  -  v,  + 


(^n—)  +  \±  +  2-(^L-)]M 

W  +  iJ  h  T*W  +  i/ 

T2  T3  \  n  2  +  1  J 


The  free-running  frequency  is  then  given  by: 


(4.44a) 
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As  with  the  Lamb  model,  u  depends  only  on  the  (shifted)  bare  cavity  mode  frequency,  the  linecenter 


frequency,  and  the  losses  of  the  laser. 


The  lasing  threshold  conditions  can  be  found  by  the  same  procedure  that  was  used  to  derive 


Eq  (4.38).  The  threshold  population  inversion  density  is  given  by: 


(4.45a) 


Inverting  this  expression  and  using  Eq  (4.4  le)  yields  the  threshold  reflectivity: 


rD  U  = 


1  -  h  {  -  J- 

*  \  1  +  Ar  T2 
2  \1  +  Ar 


(4.45b) 


Since  rD|  is  a  function  of  At  and  At  is  a  function  of  rD,  an  iterative  technique  using  Eqs  (4.44b) 


and  (4.45b)  is  required  in  order  to  determine  the  threshold  reflectivity. 


The  dielectric  bump  introduces  an  interesting  effect  on  the  lasing  threshold.  Due  to  the  math¬ 


ematical  form  of  the  losses  of  the  dielectric  bump,  there  exists  a  critical  value  of  weq  above  which 


the  laser  will  always  oscillate,  regardless  of  the  magnitude  of  the  reflection  coefficient.  This  behavior 


is  in  contrast  to  that  of  the  Lamb,  simple  saturable  gain,  Agrawal-Lax,  and  TWL  models,  where 


there  always  exists  some  threshold  reflectivity  below  which  the  laser  will  not  operate.  This  effect  is 


discussed  more  thoroughly  in  Appendix  A. 


The  Spencer-Lamb  model  of  the  injected  laser  uses  an  injected  signal  of  the  form: 


Although  the  injected  signal  is  modeled  as  a  boundary  condition  at  the  dielectric  bump,  it  enters 
the  amplitude  and  phase  equations  as  a  source  term.  In  this  respect,  the  injected  field  is  distributed 
throughout  the  medium.  This  is  in  contrast  to  the  TWL  model,  in  which  the  injected  field  is 
incorporated  strictly  as  a  boundary  condition.  The  significance  of  the  source  terms  will  be  more 
apparent  in  the  following  section  on  the  Chow  model. 

A  significant  problem  with  the  Spencer-Lamb  injected  laser  model  is  that  the  2k  L  term  in 
Eq  (3.26)  is  not  properly  accounted  for.  The  very  nature  of  the  standing  wave  model  dictates  that 
2kL  must  exactly  equal  an  integral  multiple  of  2rr,  and  can  subsequently  be  ignored  The  fi  a.  1 1- .1,  o 
phase  term  t9  in  the  boundary  condition  could  be  made  up  for  in  the  phases  of  t  hr  nuri  t  -  i : 
this  is  not  the  case  in  the  Spencer-Lamb  model.  (The  dielectric  bump  has  a  ph  i~.  . 
the  reflection  coefficient.  This  phase  is  totally  unrelated  to  the  term  ••  V  ■  \ 

1  in  the  Spen<  it-  1. am!  !•  r  . s  r 


perfectly  reflective  with  r^ 


V  s» 


This  quantity  corresponds  to  the  gain  defined  in  Eq  (3.31). 

The  Chow  Theory 

The  next  laser  model  to  be  compared  to  the  TWL  theory  is  that  developed  by  Chow  (82,  83). 
The  model  is  essentially  the  standing  wave  theory  of  Lamb,  with  the  injected  field  incorporated  as 
a  pair  of  source  terms  in  the  amplitude  and  phase  equations.  The  source  terms  are  developed  in  a 
simple  manner,  and  are  merely  added  to  the  Lamb  equations. 

Since  the  Chow  model  reduces  to  the  Lamb  model  in  the  limit  of  no  injected  field,  the  threshold 
population  inversion  density  and  threshold  reflectivity  are  given  by  Eqs  (4.38)  and  (4.17c).  The 
steady-state  lasing  frequency  0  is  given  by  Eq  (4.34). 


The  injected  signal  source  terms  can  be  obtained  by  considering  Figure  4.2.  As  discussed  in 
Chapter  III,  under  injected  conditions,  the  phasor  launched  into  the  laser  from  mirror  B  will 
generally  not  return  upon  itself  in  a  round  trip.  Assuming  that  the  mirror  reflectivities  are  given 


rA  =  -1 


(4.52a) 


Tb  =  ~rB 


(4.52b) 


where  rjj  is  very  close  to  unity,  and  that  the  injected  frequency  is  very  close  to  the  free-running 
frequency,  then  the  angle  e  in  Figure  4.2  will  be  very  small.  The  additional  source  terms  for  the 


amplitude  and  phase  equations  can  be  given  as: 


d£„ 

- -  «  — - 

dt  T3 


d<t>n  i 
dt  “  h 


(4.53a) 


(4.53b) 


These  source  terms  represent  the  additional  amplitude  and  phase  that  must  be  added  to  £2  in  order 
to  satisfy  the  round  trip  condition,  divided  by  the  round  trip  time. 

The  Chow  model  directly  includes  these  source  terms  in  the  Lamb  equations.  With  the  gain 
medium  filling  the  entire  cavity  (Lg  =  1.0)  and  the  injected  field  given  by  Eq  (4.46),  the  model  can 
be  written  in  normalised  form  as: 

,A-.*  „n 
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(4.54b) 


The  internal  field  gain  G2  for  the  Chow  model  is  defined  in  Eq  (4.51). 


Figure  4.2.  The  round  trip  condition  in  the  Chow  model.  £1  is  the  initially  launched  field,  E2  is 
the  field  after  a  round  trip,  and  to&iN  is  the  injected  field  inside  the  laser.  Adapted 
from  (82). 

Comparing  the  injection  source  terms  in  Eqs  (4.47)  and  (4.54)  reveals  a  similarity  between  the 
Chow  and  Spencer-Lamb  models.  The  injection  process  in  the  Spencer-Lamb  model  thus  can  be 
visualized  as  in  Figure  4.2.  Both  models  should  be  fairly  accurate  when  the  reflectivity  of  mirror  B  is 
very  high  and  when  the  injected  signal  is  detuned  only  slightly  from  the  free-running  laser  frequency. 
Since  both  models  are  based  on  Lamb  theory,  the  traveling  wave  theory  of  the  Fabry-Perot  laser 
with  an  injected  signal  will  converge  to  these  models  in  the  limits  rjj  — *  1  and  £>/  — *  u. 

As  the  Chow  equations  are  based  upon  a  standing  wave  model  of  the  internal  laser  fields, 
the  2 kL  term  in  Eq  (3.25)  is  forced  to  be  zero.  This  creates  the  same  serious  problems  with  the 
Chow  theory  as  with  the  Spencer-Lamb  theory.  As  the  2 kL  term  is  not  accounted  for  in  the  phases 
of  the  mirrors,  the  Chow  and  Spencer-Lamb  theories  break  down  very  rapidly  as  Oj  departs  from  i>. 


The  Ferguson  Model 

The  final  model  to  be  compared  to  the  TWL  model  with  an  injected  signal  is  that  developed  by 
Ferguson  (87,  88).  The  model  utilizes  the  simple  saturable  gain  theory  to  describe  the  gain  medium. 
Injection  is  incorporated  as  a  boundary  condition,  as  in  the  TWL  model. 

The  laser  model  employed  by  Ferguson  is  given  by  Eq  (4.1),  with  e  set  equal  to  unity.  Conse¬ 
quently,  without  an  injected  signal,  the  model  yields  the  same  threshold  inversion  density  tD,.,,  and 
reflectivity  ro  as  obtained  by  the  TWL  model. 

The  injected  signal  is  incorporated  as  a  boundary  condition,  in  much  the  same  manner  as  it  is  in 
the  TWL  model.  The  general  phasor  relationship  existing  at  mirror  B  that  is  depicted  in  Figure  3.4 
applies  to  the  Ferguson  model.  If  the  injected  signal  frequency  i> j  is  not  equal  to  the  free-running 
laser  frequency  0,  then  the  angle  between  E*,  and  Er  is  given  by  2 kL.  In  fact,  the  expression  for 
given  in  Eq  (3.27)  is  used  for  the  angle  between  the  two  phasors. 

The  boundary  conditions  are  easily  obtained.  Since  the  simple  saturable  gain  model  is  an 
intensity  model  and  does  not  include  phase  information,  a  boundary  condition  for  the  field  phases  is 
not  required  at  mirror  A.  Under  the  assumption  that  4>rA  =  n,  the  boundary  condition  at  mirror  A 
in  the  Ferguson  model  is: 

IR=r2AIL  (4.55a) 

A  slightly  different  situation  exists  at  mirror  B.  Although  the  simple  saturable  gain  model  uti¬ 
lizes  intensities,  the  phasor  relationship  described  above  exists  at  the  mirror.  In  terms  of  the  field 
amplitudes,  the  boundary  condition  is  given  by: 

rD^Re'^  +  ^7®  (4.55b) 

Note  that  in  this  case,  E /  has  a  nonzero  phase  term,  as  the  reference  phasor  in  Eq  (4.55b)  is  taken 
to  be  fe*,.  Additionally,  <f>no  is  assumed  to  be  x.  Since  4>rA  +  4>hb  =  2x,  the  reflection  coefficient 
phase  terms  can  be  ignored  in  the  boundary  conditions.  Once  is  calculated  from  the  boundary 
conditions,  the  injected  intensity  is  immediately  given  by: 


Although  the  Ferguson  model  is  conceptually  similar  to  the  TWL  model,  it  suffers  from  several 
shortcomings.  First,  spatial  hole  burning  is  not  incorporated  in  the  model.  This  will  cause  the 
calculated  intensities  inside  the  laser  to  be  too  high,  and  lead  to  erroneous  values  of  the  injected 
intensity.  Second,  the  phases  4>R.l  of  the  laser  fields  are  not  accounted  for.  The  boundary  condition 
at  mirror  B  is  thus  only  an  approximation  to  the  more  accurate  condition  given  in  Eq  (3.28).  The 
boundary  condition  should  be  fairly  accurate  for  small  detunings  of  £>/  from  £>,  though,  as  the 
additional  phase  due  to  4>r  will  be  approximately  cancelled  by  that  due  to  <f>i.  Finally,  although 
g^L  is  a  function  of  the  detuning  of  t>/  from  the  atomic  linecenter  frequency  <2  as  seen  in  Eq  (4.10a), 
it  is  held  fixed  for  all  values  of  \>i  in  the  Ferguson  model.  This  will  cause  some  inaccuracies  in  the 
calculated  laser  intensities  and  the  injected  intensity. 

Summary 

The  TWL  theory  of  the  Fabry-Perot  laser  has  been  compared  to  six  theories  in  this  chapter. 
The  key  points  of  the  comparisons  are  outlined  below. 

1.  The  simple  saturable  gain  model. 

(a)  The  simple  saturable  gain  model  does  not  include  the  effects  of  spatial  hole  burning,  whereas 
the  TWL  theory  does. 

(b)  The  TWL  theory  reduces  to  the  simple  saturable  gain  model  in  the  limit  of  near  threshold 
operation. 

(c)  Both  models  exhibit  the  same  threshold  population  inversion  densities  and  threshold  re¬ 
flectivities. 

2.  The  Agrawal-Lax  model. 

(a)  The  Agrawal-Lax  model  incorporates  the  effects  of  spatial  hole  burning. 

(b)  The  TWL  model  reduces  to  the  Agrawal-Lax  model  in  steady-state. 

(c)  Both  models  have  the  same  threshold  population  inversion  densities  and  threshold  reflec¬ 


tivities. 


3.  The  Lamb  model. 


(a)  The  TWL  model  reduces  to  the  Lamb  model  in  the  limit  of  extremely  low  outcoupling. 

(b)  The  TWL  model  and  the  Lamb  model  have  the  same  threshold  inversion  densities  and 
threshold  reflectivities. 

(c)  A  simple  formula  for  the  lasing  frequency  of  the  standing  wave  laser  was  derived.  Com¬ 
parisons  to  the  TWL  theory  are  not  possible  at  this  stage,  as  no  analytic  formula  can  be 
obtained  for  the  frequency  of  the  traveling  wave  laser. 

4.  The  Spencer-Lamb  model. 

(a)  Without  an  injected  signal,  the  TWL  theory  reduces  to  the  Spencer-Lamb  model  in  the 
limit  of  extremely  low  outcoupling. 

(b)  The  two  laser  models  have  different  thresholds. 

(c)  A  formula  for  the  lasing  frequency  0  for  the  Spencer-Lamb  model  without  an  injected  signal 
was  derived.  Again,  no  comparisons  to  the  TWL  theory  can  be  made  at  this  time. 

(d)  With  an  injected  signal,  the  TWL  model  reduces  to  the  Spencer-Lamb  model  when  the 
outcoupling  approaches  zero  and  when  the  injected  frequency  approaches  the  free-running 
frequency. 

(e)  The  Spencer-Lamb  model  does  not  account  for  the  2kL  term  in  the  boundary  conditions, 
whereas  the  TWL  model  does. 

5.  The  Chow  model. 

(a)  Without  an  injected  signal,  the  TWL  model  reduces  to  the  Chow  model  in  the  limit  of  very 
high  reflectivities. 

(b)  The  two  models  have  the  same  threshold  population  inversion  densities  and  threshold 
reflectivities  without  an  injected  signal. 

(c)  Since  the  Chow  model  without  an  injected  signal  is  identical  to  the  Lamb  model,  the  free- 
running  frequency  0  of  the  laser  is  given  by  the  same  formula  derived  for  the  Lamb  model. 
No  comparisons  to  the  TWL  theory  can  be  made  at  this  time. 
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(d)  With  an  injected  signal,  the  TWL  laser  reduces  to  the  Chow  model  as  rc  — ►  1  and  i >/  — +  £>. 

(e)  The  Chow  model  does  not  account  for  the  2 kL  term  in  the  boundary  conditions,  whereas 
the  TWL  model  does. 

6.  The  Ferguson  model. 

(a)  Without  an  injected  signal,  the  TWL  model  reduces  to  the  Ferguson  model  in  the  limit  of 
near  threshold  operation. 

(b)  The  TWL  model  and  the  Ferguson  model  have  the  same  threshold  population  inversion 
densities  and  threshold  reflectivities  in  the  absence  of  an  injected  signal. 

(c)  The  Ferguson  model  and  the  TWL  model  account  for  the  injected  signal  in  identical  man¬ 
ners,  i.e.,  through  the  boundary  conditions. 

(d)  The  Ferguson  model  does  not  include  the  effects  of  spatial  holeburning,  whereas  the  TWL 
model  does. 

(e)  The  Ferguson  model  does  not  account  for  the  phase  terms  4>r,l,  whereas  the  TWL  model 
does. 

(f)  The  Ferguson  model  incorporates  the  phase  term  2 kL  in  the  same  manner  as  the  TWL 
model. 

(g)  The  Ferguson  model  does  not  allow  g0L  to  vary  as  a  function  of  the  detuning  of  £/  from  w, 
whereas  the  TWL  model  does. 

Each  of  the  six  models  discussed  in  this  chapter  suffers  from  various  limitations.  For  this  reason, 
the  traveling  wave  laser  model  was  developed.  In  the  applicable  limits,  the  TWL  model  reduces  to 
the  six  theories  presented  above.  It  extends  the  regions  of  validity  of  the  other  models,  and  corrects 
many  of  their  deficiencies.  The  TWL  model  can  be  used  for  any  outcoupling  to  and/or  t*  and 
over  a  broad  range  of  detunings  of  C>j  from  0.  As  a  result,  the  TWL  model  provides  significantly 
improved  representations  of  free-running  and  injected  lasers. 


V.  Semiclassical  Theory  of  the  PBCUR  Laser 

The  semiclassical  theory  developed  in  Chapter  III  does  an  excellent  job  of  modeling  the  Fabry- 
Perot  laser.  However,  the  TWL  model  cannot  be  applied  to  a  laser  with  a  positive  branch,  confocal 
unstable  resonator  (PBCUR).  This  is  due  to  the  fact  that  one  of  the  counterpropagating  fields  in 
the  PBCUR  laser  is  a  spherical  or  cylindrical  wave  and  the  other  field  is  a  plane  wave.  The  TWL 
model  is  predicated  upon  the  assumption  that  both  fields  are  planar.  As  a  result,  the  TWL  model 
must  be  modified  before  it  can  be  applied  to  the  PBCUR  laser. 

The  semiclassical  theory  of  the  PBCUR  laser  with  an  arbitrary  magnification  (cavity  loss)  is 
presented  in  this  chapter.  Since  the  derivation  of  the  model  follows  that  presented  in  Chapter  II 
almost  exactly,  only  the  main  results  are  presented.  The  laser  device  is  described  in  the  first  section, 
along  with  several  key  definitions.  Next,  the  Bloch  equations  for  the  medium  interactions  with 
the  electric  fields  are  given.  In  the  third  section,  the  electric  field  equations  are  presented.  As 
the  Maxwell-Bloch  equations  are  quite  complex,  the  equations  of  motion  in  the  REA  are  given  in 
the  fourth  section.  The  equation  set  for  the  free-running  laser  at  steady-state  and  the  appropriate 
boundary  conditions  are  presented  next.  In  the  sixth  section,  the  equations  and  boundary  conditions 
for  the  injected  laser  are  derived.  The  chapter  is  summarized  in  the  final  section. 

The  PBCUR  Laser 

The  laser  with  a  PBCUR  is  shown  schematically  in  Figure  5.1.  The  device  consists  of  an  active 
medium  placed  between  the  two  curved  mirrors.  The  mirrors  form  the  unstable  resonator,  with  an 
optic  axis  z.  Since  the  resonator  is  confocal,  the  focii  of  both  mirrors  lie  at  the  same  point  on  the 
optic  axis.  The  unstable  nature  of  the  resonator  forces  geometric  rays  to  walk  out  of  the  resonator, 
rather  than  being  continually  refocused  toward  the  optic  axis  as  in  a  stable  resonator.  A  given  ray 
that  is  initially  parallel  to  and  displaced  a  distance  x  from  the  optic  axis  will  again  be  parallel  to 
the  axis  after  a  round  trip  through  the  cavity.  However,  the  ray  will  be  displaced  a  distance  Mi 
from  the  axis  after  the  round  trip,  where  M  is  the  geometric  magnification  of  the  resonator.  In 
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Figure  5.1.  The  PBCUR  laser. 


this  manner,  a  ray  will  eventually  walk  out  of  the  resonator  after  enough  round  trips.  Conversely, 
if  the  propagation  direction  of  the  ray  is  reversed,  the  ray  will  walk  down  toward  the  optic  axis 
on  consecutive  round  trips.  A  bundle  of  such  rays  will  never  completely  collapse  to  the  optic  axis; 
diffractive  spreading  will  eventually  overwhelm  the  geometric  demagnification  on  each  round  trip. 
The  rays  will  then  begin  to  walk  out  of  the  resonator  (148-152).  The  region  in  which  diffractive 
spreading  counteracts  the  geometric  demagnification  is  known  as  the  “Fresnel  core”,  or  alternately, 
the  “diffractive  core".  It  is  in  this  region  that  the  resonator  mode  is  formed,  and  the  interaction 
physics  of  the  injection  locking  process  take  place.  Finally,  there  is  no  internal  focus  of  the  laser 


Figure  5.2.  The  fields  in  the  PBCUR  laser. 


The  fields  in  the  laser  are  shown  in  greater  detail  in  Figure  5.2.  Ext  is  an  expanding  wave  with 
focus  Fj2  at  2  =  —Ir,  and  Ex,  is  a  plane  wave  with  focus  Fx,  at  z  =  oo.  E/j  is  either  a  cylindrical  wave 
or  a  spherical  wave,  depending  upon  whether  the  resonator  has  strip  or  two-dimensional  mirrors, 

respectively.  The  portion  of  Ex,  that  geometrically  spreads  beyond  the  edges  of  mirror  A  forms  the 

$ 

outcoupled  beam.  As  Ex,  is  a  plane  wave,  the  outcoupled  field  is  collimated.  Both  E/j  and  Ex,  exist 
in  the  central  conical  region  e  of  the  gain  medium.  However,  in  the  outer  regions  /,  only  Ex.  exists. 
This  region  acts  as  a  single  pass  amplifier  for  Ex,.  The  cone  of  rays  emanating  from  F/?  and  grazing 
the  edges  of  mirror  A  form  the  boundary  between  the  amplifier  and  central  regions.  This  cone  is 
designated  g  in  the  figure.  The  geometric  mode  of  the  laser  is  assumed  to  have  a  constant  intensity 
in  the  transverse  directions  inside  region  e. 


The  resonator  mirrors  have  complex  reflection  and  transmission  coefficients,  given  by: 


Mirror  A:  ( (5.1a,  b) 

\tA  =  v  ’  ' 

Mirror  B:  ( T°  ~  rc*.  (5.1c,d) 

\  tD  =  t/je  *TB  v  ’  ' 

Since  outcoupling  is  performed  geometrically  around  mirror  A,  the  two  mirrors  are  usually  made 
perfectly  reflective.  This  assumption  will  be  used  in  this  research.  Mirror  B  and  the  gain  medium 
are  assumed  to  extend  far  enough  in  the  transverse  directions  so  as  not  to  be  limiting  apertures  for 
the  mode.  The  longitudinal  extent  of  the  gain  medium  is  unimportant  in  the  derivation  of  the  laser 
equations  of  motion. 

Considering  Figure  5.2,  the  magnification  of  the  resonator  can  be  expressed  as: 


=  1r  +  L 
Ir 


(5.2) 


The  minimum  magnification  possible  is  M  =  1.  In  this  limit,  the  PBCUR  becomes  the  Fabry-Perot 
interferometer  or  plane-parallel  resonator  modeled  in  Chapter  III. 

The  total  electric  field  E (z,  t)  inside  the  central  core  region  of  the  laser  is  given  by: 


E(*,t)  =En(*,t)  +  EL(*,t)  (5.3) 

where  the  individual  traveling  waves  are  expressed  as: 


E*  (*.«)  =  \\ 

\  \ER(z,t)exp  {-i[i/it  -  kpR  +^t?(«,t)]}  +c.c.l 
[p*  ) 

(5.4a) 

Ei(*.0=  \\ 

|  El(z,  t)  exp  {  +  kz  +  4>l(z,  0]  }  +  c  c.  j 

(5.4b) 

[  cylindrical  wave 

(5.5) 

(  1,  spherical  wave 

pR  fa  z  +  ln 

(5.6) 
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In  these  equations,  is  the  radial  distance  from  the  focus  Fr,  £/j,l(z,  t)  are  the  amplitudes  of 
the  electric  fields,  k  is  the  wavenumber,  and  4>R,L{z,t)  are  the  electric  field  phases,  i//  +  4>R,l  are 
the  instantaneous  frequencies  of  the  two  traveling  waves.  In  particular,  i //  is  a  reference  frequency; 
when  the  laser  has  an  injected  field,  i/j  is  the  frequency  of  the  injected  wave.  The  amplitudes  Er  l 
and  phases  4>R,l  of  the  electric  fields  are  real  and  assumed  to  vary  slowly  in  both  space  and  time, 
a  is  a  parameter  that  describes  the  cylindrical/spherical  nature  of  Eft.  Finally,  the  derivations  are 
confined  to  the  paraxial  region,  as  noted  in  Eq  (5.6). 

The  total  polarization  of  the  medium  can  be  defined  in  a  similar  manner 
P(z,t)  =  P  R{z,t)  +P  L(z,t) 

PR{z,t)  exp{— —  kz  +  4>R(z,  t)]  } 

+  Pl{z,  0  exp{— +  kz  +  4>l(z,  *)]  }  +  c.c. 

P'R(z,  t)  exp{~t[i//f  +  4>r[z,  t)]  } 

+  ^£,(M)exp{-t[i//t  +  fo,(z,t)]}  +c-c.|  (5.7) 

The  total  polarization  is  the  sum  of  two  traveling  wave  parts.  In  general,  the  amplitudes  Pr,l 
and  P'r.l  are  complex  quantities  that  vary  slowly  in  time.  Pr,l  vary  slowly  in  space,  whereas 
P'R  L  have  a  rapidly  varying  spatial  factor  on  the  order  of  and  a  slowly  varying  envelope 

term.  Nothing  is  explicitly  stated  in  Eq  (5.7)  about  a  cylindrical/spherical/planar  nature  of  the 
polarization  waves. 

The  Bloch  Equations 

The  Bloch  equations  can  be  derived  in  a  manner  that  closely  parallels  the  derivation  in  Chap¬ 
ter  II.  Only  minor  differences  exist.  First,  there  is  no  pi,  term,  as  E^  is  a  plane  wave.  Second,  the 
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normalization  of  El  is  the  same  as  that  required  in  Chapter  III: 


&L  = 


(5.8) 


In  normalized  form,  the  Bloch  equations  for  the  PBCUR  laser  are: 
dun 


at 


n  *  (  a  *  \  . 

#o  +  2  ns  \ 
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(5.9a) 


(5.9b) 


(5.9c) 


(5.9d) 


(5-9e) 


Notice  that  the  equations  for  the  PBCUR  laser  are  a  “blending”  of  the  corresponding  equations 
for  the  Fabry-Perot  laser  (Chapter  III)  and  the  general  laser  (Chapter  II).  A  comparison  of  Eq  (5.9) 
to  the  corresponding  set  for  the  Fabry-Perot  laser  yields  three  minor  differences.  These  differences 


are  all  due  to  the  spherical  or  cylindrical  nature  of  E/j.  First,  the  mixing  of  the  electric  field  terms  in 
the  integrals  is  different.  The  mixing  is  due  to  the  (r  phase  term  in  the  expression  for  E/j.  Second, 
the  phase  term  (r  appears  in  the  expression  for  w.  The  final  difference  is  the  appearance  of  p^a  in 
conjunction  with  £r-  These  differences  are  all  minor;  functionally,  Eq  (5.9)  is  identical  to  Eqs  (3.6) 
and  (2.66). 


As  with  the  Bloch  equations,  the  field  equations  appear  to  be  a  mixture  of  the  corresponding 
equations  from  the  Fabry-Perot  and  the  general  laser  equation  sets.  The  additional  phase  term  £r 
forces  the  mixing  of  the  in-phase  and  quadrature  components  of  the  polarization  in  the  &r  and  4>r 
equations,  as  in  the  general  laser  case.  E/j  is  also  modified  by  p as  expected.  Note  particularly 
that  Eq  (5.10a)  is  dimensionally  correct,  since  pJJ  premultiplies  the  polarization  terms.  Finally, 
the  Er,  and  <i>i  equations  are  identical  to  those  in  the  Fabry-Perot  laser  case. 

Eqs  (5.9)  and  (5.10)  form  the  Maxwell-Bloch  equation  set  for  the  PBCUR  laser.  As  with  the 
Fabry-Perot  and  general  laser  cases,  this  model  is  a  self-consistent  set  of  “point”  and  “longitudinally 


1  \  1  +  (Aw  -  <pR)2  1  +  (Aw  -  <pL)2  J 

h&R&L  J 

f  ■  ,  i  1 
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[l  +  (Aw-y bR)2  1  +  (Aw  —  <Pl)2  \ 

h  &R&L  j 

\  (Aw  -  <pR)  (Aw  —  <pi)  ( 

PR  | 

[  1  +  (Aw  —  <pr)2  1  +  (Aw  -  <pL)2  j 

Notice  that  the  equation  for  Er  is  dimensionally  correct,  as  the  term  pR  premultiplies  the  gain  term. 

Eqs  (5.11)  and  (5.12)  will  be  referred  to  as  the  traveling  wave  unstable  resonator  laser  (TWURL) 
model.  This  model,  like  the  TWL  model,  is  a  considerable  simplification  over  the  Maxwell-Bloch 
equations.  The  model  suffers  from  a  problem  that  also  affects  the  TWL  and  general  laser  models: 
time  derivatives  of  both  4>r  and  exist  on  the  right-hand  sides  of  Eq  (5.8).  These  derivative 
terms  cannot  be  factored  out  and  collected  on  the  left-hand  sides  of  the  4>r,l.  equations  only.  This 
potentially  could  lead  to  stability  problems  similar  to  those  experienced  in  the  time-dependent 
numerical  solutions  of  the  TWL  model.  (The  numerical  methods  discussed  in  Appendix  B  could  be 
used  to  obtain  time-dependent  solutions  of  the  TWURL  equations.  However,  no  attempt  was  made 
to  do  this,  as  the  primary  data  of  interest  were  steady-state  values.) 

The  Free-Running  Laser  at  Steady-State 

The  TWURL  equations  describe  the  interaction  of  the  counterpropagating  electric  fields  with 
the  atomic  medium.  As  such,  they  can  be  employed  to  model  the  free-running  laser.  The  steady- 
state  version  of  the  equations  form  a  particularly  simple  subset  of  the  TWURL  model.  The  reduced 
equations  and  the  appropriate  boundary  conditions  are  derived  in  this  section. 

The  frequencies  of  the  barecavity  modes  are  given  by  the  same  expression  as  for  the  TWL 
model,  Eq  (3.10): 


where  n  is  some  large  integer.  The  barecavity  intermode  frequency  separation  is  given  by: 


A  Cl  = 


(5.13b) 


Notice  that  both  of  these  equations  are  given  in  the  normalized  units.  The  actual  lasing  frequency  i> 
will  be  pulled  closer  to  linecenter,  due  to  the  large  index  of  refraction  changes  near  the  atomic 
linecenter. 

The  following  frequency  differences,  defined  in  Chapter  III,  will  be  required  in  the  ensuing 


derivations  and  are  repeated  for  convenience: 


Am  =  w  -  ft 


(5.14a) 


At  =  6)  —  0 


(5.14b) 


Ai j  =£)  —  {>] 


(5.14c) 


At  steady-state,  the  lasing  frequency  u  is  constant  throughout  the  laser.  Since: 


v  =  C>i  +  ifin  =  l>i  +  <pL 


the  time  derivatives  of  the  phases  must  be  constant  and  equal  at  steady-state.  That  is: 


VR  -  <Pl  =  V 


(5.15) 


A  nonzero  but  constant  value  of  <p  simply  indicates  that  the  reference  frequency  vj  was  not  chosen 
to  equal  £>.  It  does  not  imply  that  the  laser  is  not  at  steady-state.  The  field  amplitudes  are  constant 


at  steady-state,  so  that: 


d&R  _  d&t,  _  o 

di  ~  dt 


(5.16) 


The  TWURL  equations  in  the  core  region  e  of  Figure  5.2  can  now  be  simply  derived.  First, 


Eq  (5.12)  reduces  to: 


A  =  1  + 


(5.17a) 


2r  i 

(1  + A  P)pR 


(5.17b) 


Using  Eq  (5.17),  the  field  amplitude  equations  simplify  to: 

=  1  [  -a  Z*rRa  Pk 

dz  1 1>  \  ?2  eq  R  (1  +  At^Jv/A2  -  B2  2flEn 

^  ,  1  I ,  ^ 

35  V-  \  [(1  +  A?VA2  -  B2  2n&L  v  \/A2  -  B2 


A 

I A 2  -  B2 


(5.18a) 


(5.18b) 


Eqs  (5.11b,d)  can  be  rewritten  as: 
d<l>R  1  /  a  /«  ,  x 


t  tk</At  &RpRa  P% 

(1  +  At^vM2  -  fl2  2ft£ 


M2  -  B2 


1  At*_AA+M. 


&RpZa  I  (1  +  AfVA2  -  -B2  2*^* 


/A2  -  B2 


(5.18c) 


3<Pl  _  1  J  Ar  a^.  ,  _ £z. _  ,  1  (,  £ 

35  V-  I  (1  +  At*)y/A*  -  B2  2f1£,r,  V  VA2  -  B2 


(5. 18d) 


Eq  (5.18)  is  equivalent  to  Eq  (3.16);  the  forms  of  the  two  equation  sets  are  virtually  identical.  The 
medium  creates  small  shifts  in  <I>r,l,  which  in  turn  show  up  in  the  frequency  pulling  and  pushing 
effects.  As  with  the  TWL  equations,  if  the  actual  lasing  frequency  0  is  known  a  priori,  then 
Eqs  (5.18a)  and  (5.18b)  can  be  solved  directly  with  the  boundary  conditions  to  yield  the  steady- 
state  field  amplitudes.  The  phase  equations  are  not  required  in  this  case.  If  t>  is  unknown,  then 
all  four  equations  must  be  used  in  the  manner  described  in  Appendix  B  in  order  to  calculate  the 
free-running  frequency  and  field  amplitudes. 

The  equations  of  motion  for  and  <f>L  are  required  for  the  amplifier  regions  /  in  the  gain 
medium  (Figure  5.2).  This  set  is  obtained  by  setting  E/j  equal  to  0  in  Eqs  (5.11)  and  (5.12). 
Eq  (5.12)  reduces  to: 


At  =  1  + 


Bf  =  0 


1  +  At2 


(5.19a) 


(5.19b) 


Cf  =  0 


(5.19c) 
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Substituting  Eqs  (5.15),  (5.16),  and  (5.19)  in  Eq  (5.11)  gives  the  equations  for  E /,  in  the  amplifier 


til 


id 


regions: 


L  h  A/  (1  +  At2) 


Wrq&t 


--  At  -  Am  +  — -—2 - 

t/>  L  A/(l  +  At2) 


(5.20a) 


(5.20b) 


The  specific  numerical  algorithm  through  which  Eq  (5.20)  can  be  applied  to  the  amplifier  region  is 
given  in  Appendix  B. 

The  boundary  conditions  can  be  derived  in  a  manner  similar  to  that  used  in  Chapter  III. 
Matching  the  fields  at  mirror  A  yields: 


-^£K(0)e-<[t',t-fcp"+*"(0)]  =  rAei,l,RA  EL(0)e~i^,t+kz+*Llo)1i 
Pr 


After  simplifying  and  normalizing  the  expression  and  separating  it  into  the  real  and  imaginary  parts, 
the  boundary  condition  at  mirror  A  becomes: 


^(0)=^r/t^(0) 

^fl(O)  =  ^z,(0)  -  4>ra  +  kin 


An  additional  simplification  can  be  effected.  Using  Eq  (5.2),  pj)  can  be  written  as: 


-Pt1)' 

-ft)' 

-w 


Substituting  Eq  (5.21)  into  the  boundary  condition  expression  yields: 


£/?(0)  — 


rA£l.(0) 

(M  -  l)“ 


4>r( 0)  =  ^£,(0)  -  4>rA  +  kin 


(5.22a) 


(5.22b) 


In  a  similar  manner,  the  boundary  condition  at  mirror  B  can  be  obtained.  Matching  the  fields 
across  the  mirror  gives: 

rB—*RB  fffl(L)e~*[t',t~fcp"')'*,l!L)]  =  EL(L)e~i^‘"t+kL+*l(L^ 

Pr 

After  simplifying  and  using  an  expression  analogous  to  Eq  (5.21),  the  boundary  condition  can  be 
written  as: 

^(i)=(1-^)  rDtR(  1)  (5.23a) 

+  Mr  =  ^fl(l)  -  4>rb  -  2kL  (5.23b) 


Notice  that  the  klR  term  is  added  to  4>i  in  Eqs  (5.22b)  and  (5.23b).  Since  the  absolute  phase  of  the 
fields  is  unnecessary,  the  klR  term  can  be  absorbed  into  4>L  and  ignored  in  the  above  equations.  It 
therefore  is  unnecessary  to  know  the  exact  value  of  Ir  in  a  calculation. 

As  mentioned  at  the  beginning  of  this  chapter,  the  mirrors  are  usually  perfectly  reflective,  as 
the  outcoupling  is  performed  via  geometric  extraction  of  Et.  This  was  assumed  to  be  the  case  in 
all  the  numerical  work  performed  in  this  research.  The  reflection  coefficients  for  this  case  are: 

*A  =  «*'*  (5.24a) 

rB  =  (5.24b) 


Using  Eq  (5.24)  in  Eqs  (5.22)  and  (5.23)  yields  the  final  set  of  boundary  conditions: 

*  &(°) 

^(0)  -  (M^Tf7 

*s(0)  =  4>l{ 0)  -  w 

*l(1)  =  <t>R{\)  -  *  -  2kl 


(5.25a) 

(5.25b) 

(5.25c) 

(5.25d) 


At  steady-state,  2 kL  is  equal  to  2mjr,  where  m  is  some  integer.  The  2kL  term  can  therefore  be 
dropped  from  Eq  (5.25d). 


The  output  power,  under  the  assumption  of  perfectly  reflective  mirrors,  can  be  found  by  inte¬ 
grating  the  output  intensity  across  the  output  aperture.  This  aperture  is  located  in  the  plane  of 
mirror  A,  i.e.,  at  z  =  0.  The  particular  expression  for  the  output  intensity  will  depend  upon  whether 
the  resonator  mirrors  are  strip  or  two-dimensional.  The  intensity  in  the  output  aperture  is  defined 


Iap(x,y,t)  =  £l(z,y,z  =  0 ,  t) 


where  x  and  y  are  the  transverse  coordinates.  Then,  for  strip  mirrors,  the  output  power  Pout  is 
given  by: 

Pout  —  [  lap  dx  dy 


=  2Ay  /  7ttp  dx 


(5.27a) 


where  x  is  the  transverse  coordinate,  2d  is  the  width  of  mirror  A  in  the  x  direction,  and  Ay  is  the 
depth  of  the  mirror  in  the  y  or  strip  direction.  If  the  mirrors  are  square  and  mirror  A  has  sides  of 
length  2d,  then  the  output  power  is  given  by: 


M  I 


x/„p  dx 


(5.27b) 


Finally,  if  the  mirrors  are  round  and  mirror  A  has  a  diameter  of  2d,  the  output  power  is  given  by: 


P rjut  2tt  /  i/(in  dx 


(5.27c) 


where  x  is  a  radial  coordinate  perpendicular  to  the  optic  axis.  Note  that  three  implicit  assumptions 
are  used  in  Eq  (5.27):  the  gain  medium  is  uniformly  pumped,  the  resonator  mirrors  are  each  sym¬ 
metric  about  the  optic  axis,  and  the  magnification  is  uniform  and  constant  in  all  radial  directions 


from  the  optic  axis.  Under  these  assumptions,  /„p  is  symmetric  about  the  optic  axis.  If  any  of  these 


assumptions  is  not  true,  /,lp  will  in  general  not  be  symmetric  about  the  optic  axis.  The  integrations 
in  Eq  (5.27)  must  then  be  performed  over  the  whole  of  the  output  aperture. 


The  extraction  efficiency  r)i  of  the  laser  is  defined  as  the  output  power  divided  by  the  total 


available  power  in  the  gain  medium: 


VL 


9o 


Pnut 


(5.28) 


where  Vg  is  the  volume  of  the  gain  medium.  Using  the  above  expressions  for  Pout,  the  efficiency  can 
be  written  as: 


goLgMd(l  +  At  ) 


Md 

/'« 


lap  dx 


Strip  mirrors 


Vl  = 


2rt _ 

g0lgM2d2(l  +  At2) 

T _ Jh _ 

g0tgM2d2(l  +  At2) 


Md 

J i Inp  dx  Square  mirrors 


Md 


J xlap  dx  Circular  mirrors 


(5.29) 


The  Injected  Laser  at  Steady-State 

As  in  the  TWL  model,  the  TWURL  equations  reduce  to  a  simple  form  when  the  PBCUR  laser 
has  an  injected  signal.  The  physics  of  the  injection  locking  process  is  conceptually  the  same  as  in  the 
Fabry-Perot  laser,  with  only  a  few  minor  differences.  Before  developing  the  injected  laser  equations, 
the  locking  process  will  be  examined  in  more  detail. 

The  underlying  concepts  of  injection  locking  can  again  be  understood  if  the  electric  fields  are 
thought  of  as  phasors.  As  discussed  in  Chapter  III,  some  phasor  £*,  is  initially  launched  from 
mirror  B,  undergoes  a  reflection  at  mirror  A,  returns  to  mirror  B,  and  undergoes  a  second  reflection. 
If  the  vector  sum  of  the  phasor  that  has  completed  the  round  trip  and  the  injected  phasor  is 
exactly  equal  to  the  initially  launched  phasor,  then  a  steady-state  injection  locked  condition  has 
been  reached.  This  is  depicted  in  Figure  3.4. 


A  few  subtle  differences  exist  between  the  injection  locked  Fabry-Perot  laser  and  the  injection 
locked  PBCUR  laser.  The  first  difference  involves  the  manner  in  which  the  injected  signals  enter 
the  slave  laser.  In  the  Fabry-Perot  laser,  injection  is  performed  through  the  partially  transmissive 
mirror  B.  In  the  PBCUR  laser,  both  mirrors  are  perfectly  reflective.  For  the  purposes  of  this 
research,  injection  is  performed  by  directing  the  beam  from  the  master  oscillator  into  the  output 
aperture  of  the  slave  laser,  as  depicted  in  Figure  5.3.  The  injected  signal  walks  down  toward  the 
optic  axis,  until  diffractive  spreading  causes  the  beam  to  fill  the  Fresnel  core.  The  locking  physics 
occurs  in  the  Fresnel  core.  This  differs  from  the  Fabry-Perot  laser,  where  locking  occurs  over  the 
whole  of  the  outcoupling  aperture.  In  the  PBCUR,  the  injected  signal  is  mathematically  modeled 
as  an  electromagnetic  field  source  located  at  mirror  B.  This  field  is  vectorally  added  to  r/jE/j(l,t). 
The  injected  field  thus  enters  into  the  boundary  condition  at  mirror  B.  The  injected  signal  could 
be  added  vectorally  to  the  circulating  fields  at  any  given  plane  in  the  resonator.  However,  mirror  B 
was  chosen  for  simplicity  and  so  that  the  injected  field  could  be  modeled  as  a  plane  wave. 

The  second  difference  in  the  injection  processes  is  that  the  injected  signal  in  the  PBCUR  may 
undergo  an  increase  in  intensity  as  it  walks  down  to  the  optic  axis  (153).  This  increase  is  due  to  two 
factors.  First,  the  beam  footprint  is  geometrically  demagnified  as  it  walks  down  to  the  Fresnel  core. 
Second,  the  injected  signal  is  amplified  by  the  gain  medium  with  each  pass  through  the  resonator. 
As  a  result,  the  injected  signal  in  the  Fresnel  core  can  potentially  be  more  intense  than  the  injected 
beam  external  to  the  slave  laser.  In  the  Fabry-Perot  case,  however,  the  injected  intensity  7/  inside 
the  laser  is  less  than  the  injected  intensity  external  to  the  laser,  due  to  the  transmission  coefficient 
of  mirror  B.  The  amplification  during  the  walkdown  is  ignored  in  the  present  research  for  several 
reasons.  The  amount  of  amplification  of  the  injected  beam  is  highly  dependent  upon  the  physical 
layout  and  parameters  of  the  laser.  In  order  to  keep  the  research  scope  broad,  only  “generic" 
resonators  rather  than  specific  devices  were  used.  Finally,  as  the  injected  signal  is  modeled  as  a  field 
source  in  the  Fresnel  core,  the  degree  of  amplification  due  to  the  walkdown  is  not  required. 


Figure  5.3.  The  injection  technique  used  in  the  PBCUR  laser.  Ijn  is  the  injected  signal  from  the 
master  oscillator;  Iout  is  the  beam  radiated  from  the  slave  laser. 

The  injected  signal  at  mirror  B  is  given  by: 

E/(l,  t)  =  (5.30) 

The  amplitude  and  phase  of  the  injected  signal  are  constant  in  both  space  and  time.  Since  the 
phase  of  one  of  the  three  electric  fields  is  arbitrary,  it  can  be  set  to  any  desired  reference  value.  For 


convenience,  4>i  is  chosen  and  set  equal  to  lero. 


In  the  injection  locked  laser,  the  oscillation  frequency  is  by  definition  equal  to  C>[.  Therefore, 
the  time  derivatives  of  4>r  and  <f>i  are  equal  to  zero.  The  time  derivatives  of  the  electric  field 
amplitudes  are  also  equal  to  zero.  With  this  in  mind,  Eq  (5.12)  reduces  to: 


(5.31a) 


2fj  &R&L 
(1  +  A  ui2)pR 


(5.31b) 


C  =  0 


(5.31c) 


Combining  Eqs  (5.31)  and  (5.11),  the  electric  field  equations  of  motion  are  obtained: 


(1  +  Aw2)vC4^82  2f \  vM2  -  B2 
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(1  +  Aw 2}VA2  -  B 2  21 
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f  A 2  -  B2 


(5.32d) 


Eqs  (5.31)  and  (5.32)  are  identical  to  Eqs  (5.17)  and  (5.18),  except  that  the  At  terms  have  been 
replaced  by  Aw. 

The  equations  for  and  4>l,  in  the  amplifier  region  of  the  gain  medium  are  similarly  obtained. 


First,  Eq  (5.12)  reduces  to: 


=  i  +  . 


1  +  Aw2 


(5.33a) 


E 


Then,  the  equations  for  and  4>l  can  be  written  as: 


-I  1  .  V'l  fr 
^  ?2  -4/(1  +  AcD2)  L 


(5.34a) 


1  We,,  A Cj 

-4  A<i-Am+  - - 

^  A/(l  +  Aui2) 


(5.34b) 


The  boundary  conditions  are  readily  derived.  At  mirror  A,  the  boundary  conditions  are  identical 
to  those  for  the  free-running  laser: 


£*<°>  =  lAr^F^'0! 


(5.35a) 


*n(0)  =  4>l{ 0)  -  ^ra  +  kin 


(5.35b) 


At  mirror  B,  the  vector  boundary  condition  is: 


(^M^)  ^(1)e"‘^"(1,"*l,'"W"”afc^  +&l  =  £l{  l)e_i*i(l) 


As  in  the  free-running  laser  case,  the  phase  term  kl^  can  be  absorbed  into  <f>Ry  and  thus 
eliminated  from  the  boundary  conditions.  The  mirrors  are  also  perfectly  reflective,  so  that: 


ta  =rD  =  c 


Finally,  the  2 kL  term  can  be  accounted  for  in  exactly  the  same  manner  as  in  the  injection  locked 


Fabry-Perot  laser,  namely: 


2  kL  =  2m7r  +  $, 


m  =  0,  1,  2, . . . 


where: 


0  =  2tt?3  (At  -  Aui)  1  +  - - In  f “"7777“ 

r2  t 3  Lg  '  M 


Incorporating  these  facts  into  Eqs  (5.35)  and  (5.36)  yields  the  final  set  of  boundary  conditions: 


£r(  0)  = 


(M  -  1)" 


<£/e(0)  =  4>l( 0)  -  n 


(5.37a) 


(5.37b) 


/Vw  VV  V  ’/  V  V  V  VV.V.  •*  A  -V  A*"  ^ 


(~ ^i)  +  £/  =  (5.37c) 

Finally,  an  internal  field  gain  C^,  identical  to  that  given  in  Eq  (3.31),  can  be  defined: 

G,  =  (5.38) 

G2  is  indicative  of  the  ratio  of  the  intensities  of  the  circulating  fields  to  the  intensity  of  the  injected 
field. 

Summary 

The  Maxwell-Bloch  and  TWURL  equation  sets  for  the  PBCUR  laser  were  presented  in  this 
chapter.  The  equations  were  seen  to  be  very  similar  to  the  corresponding  equations  for  the  Fabry- 
Perot  laser.  The  steady-state  equations  of  motion  in  the  REA  were  derived  for  the  free-running 
laser.  The  injection  locked  laser  was  described  physically,  and  the  equations  of  motion  governing  its 
behavior  were  given.  The  appropriate  boundary  conditions  for  both  the  free-running  and  injection 
locked  lasers  were  derived. 
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VI.  Comparisons  of  the  TWURL  Model  to  other  Theories 


Several  theories  have  been  developed  that  describe  the  operation  of  the  PBCUR  laser.  However, 
these  models  all  suffer  from  one  or  more  deficiencies.  For  this  reason,  the  TWURL  model  of  the 
previous  chapter  was  developed. 

In  this  chapter,  the  TWURL  model  is  compared  to  two  free-running  laser  theories  that  have 
been  published  in  the  literature.  In  the  appropriate  limits,  the  TWURL  model  is  shown  to  reduce  to 
the  other  models.  The  TWURL  model  is  first  compared  to  a  modified  version  of  the  go~I,at  model. 
Similar  threshold  behavior  of  the  two  models  is  demonstrated.  A  comparison  of  the  TWURL  model 
and  the  Agrawal-Lax  model  of  the  PBCUR  laser  is  presented  in  the  second  section.  As  in  the 
Fabry-Perot  laser  case,  the  Agrawal-Lax  model  is  shown  to  be  the  steady-state  version  version  of 
the  TWURL  model.  A  summary  of  the  comparisons  is  given  in  the  final  section. 


The  Simple  Saturable  Gain  Model 

The  simple  saturable  gain  model  developed  by  Rigrod  (121-123)  can  be  readily  extended  to 
model  the  PBCUR  laser  (154).  The  general  form  of  the  model  is: 

d&R 


~  =  l-{G0-aoL)£R 
%  =  ,G. -»./•)& 


G0  = 


goL 


\i  + !*+!*]' 

I  *$at 


(6.1a) 

(6.1b) 

(6.1c) 


where: 


inhomogeneous  broadening 
homogeneous  broadening 


(6.  Id) 


Since  the  TWURL  model  employs  homogeneous  broadening,  c  will  be  set  equal  to  1  in  the  following 
discussion. 


The  simple  saturable  gain  model  has  two  serious  shortcomings.  First,  the  model  does  not 


account  for  spatial  hole  burning.  This  causes  the  gain  used  in  the  model  to  be  artificially  higher 


than  the  actual  value.  As  a  result,  the  intensities  calculated  by  the  model  are  too  high.  Second, 


phase  and  frequency  effects  are  not  taken  into  account.  Frequency  pulling  and  pushing  effects  and 


the  lasing  frequency  t>  cannot  be  calculated  with  the  simple  saturable  gain  model.  Although  injection 


locking  could  be  modeled  in  a  manner  similar  to  Ferguson’s  method,  the  results  would  suffer  due 


to  the  lack  of  spatial  hole  burning,  phase,  and  frequency  information.  Both  of  these  deficiencies  are 


corrected  in  the  TWURL  model. 


Both  the  simple  saturable  gain  model  and  the  TWURL  model  reduce  to  the  same  form  at 


the  lasing  threshold.  As  in  the  Fabry-Perot  laser,  this  is  due  to  the  negligible  effects  of  spatial 


hole  burning  in  this  regime.  In  the  TWURL  model,  the  peaks  of  the  interference  pattern  of  the 


traveling  waves  are  quite  small.  As  a  result,  the  population  inversion  is  affected  negligibly  by  the 


the  interference  of  the  traveling  waves.  The  gain  becomes  approximately  equal  to,  but  slightly  less 


than,  goL.  The  equivalence  of  the  two  models  at  the  threshold  can  be  shown  by  letting  the  field 


intensities  be  arbitrarily  small.  The  simple  saturable  gain  model  reduces  to: 


d&R  1/  ,  nA 

=  2  \9ol  ~  <*L)Er 


(6.2a) 


^f  =  -\i9oL-aL)i!L 


(6.2b) 


Following  the  same  procedures  used  in  Chapter  IV  for  the  TWL  model,  Eqs  (5.18a,b)  become: 


2?2  2(1+ At2), 
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Eq  (6.3)  is  identical  to  Eq  (6.2),  if  the  following  identifications  are  made: 


9qL  — 


1  +  At2 


(6.4a) 


ool=? 

*2 


(6.4b) 


Notice  that  the  definitions  of  guL  and  a 0L  are  the  same  as  those  given  in  Eq  (4.10)  for  the  Fabry- 
Perot  laser. 


The  value  for  /,„t  must  be  derived  in  order  to  complete  the  comparison  of  the  two  models.  Isat 
can  be  obtained  by  considering  the  single  pass  amplifier  case,  i.e.,  the  limiting  case  in  which  Er  — ►  0 
or  El  —*  0.  The  later  case  has  already  been  derived  for  the  amplifier  region  of  the  gain  medium  in 
the  PBCUR  laser.  The  equations  of  motion  for  E l  are  given  in  Eq  (6.20).  The  amplitude  equation 
can  be  rewritten  slightly  as: 


=  1  |  (  V 

di  h  1  +  At2 )  y  1  +  At2  J 


V  i  +  aP  j 


Similarly,  the  amplifier  expression  for  can  be  obtained  for  the  simple  saturable  gain  model  by 
letting  Eji  — *  0  in  Eq  (6.1b): 
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Comparing  the  two  equations  yields  the  expression  for  I,at- 


I  sat  — 


1  +  A  t2 


Notice  that  thi3  equation  is  identical  to  Eq  (4.14).  The  fact  that  goL,  a^L,  and  I,nt  are  the  same  for 
both  the  TWL  and  TWURL  models  is  not  unexpected.  These  parameters  are  characteristics  of  the 
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gain  medium  only,  and  have  nothing  to  do  with  the  nature  of  the  electromagnetic  fields  propagating 
inside  the  laser. 


Since  the  TWURL  model  reduces  to  the  simple  saturable  gain  model  near  threshold,  both 
models  have  the  same  values  of  threshold  gain  and  resonator  magnification.  The  threshold  gain  for 
the  simple  saturable  gain  model  is  given  by  (154): 
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(P) 


(6.7) 


Using  the  values  for  g„L  and  a()L  and  letting  n  —  1,  the  expression  for  the  threshold  population 
inversion  density  is  obtained: 


t £,,,  I  =  ( 1  +  A  P ) 
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(6.8a) 


Inverting  Eq  (6.8a)  yields  the  maximum  value  of  Ma  for  which  the  laser  will  operating  with  a  fixed 
pumping  rate  (tu,,,): 

A#"|  =  exp 

Note  that  the  value  of  Ma  in  Eq  (6.8b)  is  just  the  inverse  of  the  threshold  reflectivity  given  in 
Eq  (4.17b). 
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eq 
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(6.8b) 


The  Agrawal-Lax  Model 

In  addition  to  the  Fabry- Perot  laser  equations,  Agrawal  and  Lax  also  present  a  set  of  expressions 
for  the  intensities  inside  a  general  unstable  resonator  (142,  143).  The  particular  resonators  modeled 
have  two-dimensional  mirrors,  such  that  E/j  is  a  spherical  wave  (a  =  1).  Specifically  examining  the 
PBCUR  case,  their  equations  are: 
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where  a,  6,  and  33  are  defined  in  Eq  (4.20).  As  in  their  Fabry-Perot  laser  equations,  this  set  models 
the  effects  of  spatial  hole  burning.  6  is  the  interference  term  between  the  two  traveling  waves;  if 
6  =  0,  Eq  (6.9)  reduces  to  the  simple  saturable  gain  model  of  the  previous  section. 

The  Agrawal-Lax  model  is  identical  to  the  TWURL  model  at  steady-state.  The  model  can  be 
used  to  calculate  the  intensities  of  the  fields  in  a  free-running  laser  for  a  given  lasing  frequency  u.  The 
main  deficiency  of  the  model  is  that  phase  and  frequency  effects  are  not  addressed.  The  model  does 
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not  have  a  pair  of  phase  expressions  analogous  to  Eqs  (5.18c,d).  Consequently,  frequency  pulling 
and  pushing  effects  and  the  lasing  frequency  C>  cannot  be  determined  with  this  model.  For  the  same 
reason,  injection  locking  cannot  be  adequately  addressed  with  the  Agrawal-Lax  equations.  The 
angle  between  the  phasors  in  the  boundary  condition  for  mirror  B  can  not  be  accurately  determined, 
except  for  very  small  detunings  of  the  injected  signal  from  the  free-running  frequency.  As  a  result, 
the  injected  signals  calculated  by  the  model  would  only  be  accurate  in  a  very  narrow  range  of 
detunings  about  the  free-running  frequency. 

The  equivalence  of  Eqs  (6.9)  and  (5.18a,b)  can  be  demonstrated  with  a  little  effort.  Eq  (5.18a) 
can  be  rewritten  as: 
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Notice  that  a  —  1  in  the  above  equation.  By  defining: 


Pn 


a  =  A(1  f  At*2) 
b=  D(l  +  At2) 


(6.11a) 

(6.11b) 
(6.11c) 
(6.  lid) 


113 


and  using  Eq  (4.24),  Eq  (6.10)  can  be  cast  as: 


2ft  Er  3Er  _  g^L  (  _  a  ~  Va2  ~ 

Pr  dz  y/a2  -  b2  y  2I'r  J  n 


(6.12) 


Next,  expanding  the  left-hand  side  of  Eq  (6.9a)  yields: 

dTn  2{M  -  1)  d_( 2(M  -  1) 

dz  1  +  (M  -  1)5  R  dz\  p2R  )  l  +  (M  -  1)1 


2ft  &R  d£n  _  2Vr_  2(M  -  1) 

dz  pr  1  4-  (M  -  1)5  ^ 


However,  since: 


M  = 


^  +  L  =  i  +  A 


Eq  (6.13)  can  be  reduced  to: 

dI'R  2(M  -  1)  =  2t1Er3£r  2/{j  2/Jj 

5i  1  +  (M  -  1)5  p2n  dz  pR  pr 

2ft  d  Er 
Pr  dz 


(6.13) 


(6.14) 


Finally,  substituting  Eq  (6.14)  into  (6.12)  yields: 


£/*  +  2(M-0  r  =  g3^  A  _  q-  ,, 

dz  l  +  (M-l)zn  y/a2  -  b2  \  2l'n  )  R 


(6.15) 


Eq  (6.15)  is  identical  to  Eq  (6.9a).  In  a  similar  manner,  Eq  (5. 18b)  can  be  transformed  into  Eq  (6.9b). 
Clearly,  then,  the  Agrawal-Lax  equations  are  equivalent  to  the  TWURL  held  amplitude  equations 
at  steady-state. 

A  consequence  of  the  equivalence  is  that  both  models  have  the  same  threshold  population 
inversion  densities  and  resonator  magnifications.  The  threshold  expressions  are  given  in  Eq  (6.8). 


The  TWURL  model  was  compared  to  two  free-running  laser  models  in  this  chapter.  A  list  of 

the  key  points  from  the  comparisons  is  given  below. 

1.  The  simple  saturable  gain  model. 

(a)  The  simple  saturable  gain  model  does  not  include  the  effects  of  spatial  hole  burning,  whereas 
the  TWURL  model  does. 

(b)  The  TWURL  model  reduces  to  the  simple  saturable  gain  model  in  the  limit  of  threshold 
operation. 

(c)  Both  models  have  the  same  values  of  threshold  population  inversion  density  and  resonator 
magnification. 

(d)  The  simple  saturable  gain  model  does  not  include  the  phase  and  frequency  information 
(equations),  unlike  the  TWURL  model. 

2.  The  Agrawal-Lax  model. 

(a)  The  Agrawal-Lax  model  accounts  for  the  effects  of  spatial  hole  burning,  as  does  the  TWURL 
model. 

(b)  The  Agrawal-Lax  model  is  identical  to  the  steady-state  field  amplitude  equations  of  the 
TWURL  model. 

(c)  The  Agrawal-Lax  model  is  a  steady-state  model,  whereas  the  TWURL  model  can  be  used 
for  time-dependent  calculations. 

(d)  The  Agrawal-Lax  and  (TWURL)  models  both  have  the  same  values  of  threshold  population 
inversion  density  and  resonator  magnification. 

(e)  The  Agrawal-Lax  model  does  not  include  the  phase  and  frequency  information  (equations) 
that  are  included  in  the  TWURL  model. 

The  TWURL  model  was  developed  to  correct  the  deficiencies  in  the  existing  PBCUR  models. 

The  TWURL  model  extends  the  range  of  possible  calculations,  including  time-dependent  and  in- 


VII.  TWL  Model  Numerical  Results 

A  variety  of  numerical  studies  of  the  Fabry- Perot  laser  were  performed  as  part  of  the  research. 
Three  generic  lasers  were  modeled;  each  was  examined  at  four  different  barecavity  frequencies  Am. 
Time-dependent  and  steady-state  runs  of  both  free-running  and  injected  lasers  were  performed.  The 
parameter  space  explored  had  two  free  variables:  the  outcoupling  (reflectivity  r^j)  and  the  detuning 
of  the  injected  signal  from  the  free-running  frequency  (0  —  t>/). 

The  results  of  the  numerical  studies  are  discussed  in  detail  below.  The  twelve  data  sets  used 
are  listed  first;  the  rational  for  selecting  the  given  parameters  is  discussed.  The  cubic  curves  are 
examined  next.  The  time-dependent  results  for  both  free-running  and  injected  lasers  are  explored 
in  the  following  two  sections.  The  final  sections  discuss  the  results  of  the  steady-state  studies  for  the 
free-running  and  injected  lasers.  Detailed  comparisons  to  the  alternate  laser  models  presented  in 
Chapter  IV  are  made  throughout  the  chapter.  To  avoid  an  excessive  number  of  figures,  a  complete 
set  of  plots  for  data  sets  27  and  36  are  given  in  Appendix  C. 

Data  Sets 

Three  general  lasers  are  examined  in  the  numerical  studies.  The  laser  parameters  are  not  tied 
to  any  specific  laser  or  lasing  medium.  Some  of  the  parameters  are  taken  from  the  examples  in 
Chapter  8  of  Sargent,  Scully,  and  Lamb’s  text  (106)  and  from  Spencer  and  Lamb’s  paper  (101). 
Each  laser  is  “operated"  at  four  separate  barecavity  frequencies,  for  a  total  of  twelve  different  data 
sets.  In  all  cases,  mirror  A  is  assumed  to  be  perfectly  reflective  and  mirror  B  is  partially  transmissive: 

.  _  .nr 

rA  -  « 

Tfl  =  rue'” 

The  gain  medium  completely  fills  the  region  between  the  two  mirrors,  i.e.,  =  1.0.  A  complete 

list  of  the  parameters  is  given  in  Table  I. 
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TABLE  I 

Fabry-Perot  Laser  Numerical  Studies:  Laser  Parameters! 


Data 

Set 

■ 

h 

h 

Am 

go/^o 

27 

6.05 

21.04145 

1.3 

0.567 

0.0 

11.93 

0.5003 

28 

6.05 

36.54837 

1.3 

0.54722 

0.0 

20.00 

0.5000 

29 

6.05 

21.04145 

1.3 

1.0872 

0.0 

22.88 

0.2500 

6.05 

21.04145 

1.3 

0.567 

0.03 

11.92 

0.5006 

31 

6.05 

36.54837 

1.3 

0.54722 

0.03 

19.98 

0.5003 

32 

6.05 

21.04145 

1.3 

1.0872 

0.03 

22.86 

0.2503 

33 

6.05 

21.04145 

1.3 

0.567 

0.15 

11.67 

0.5086 

34 

6.05 

36.54837 

1.3 

0.54722 

0.15 

19.56 

0.5081 

35 

6.05 

21.04145 

1.3 

1.0872 

0.15 

22.37 

0.2581 

36 

6.05 

21.04145 

1.3 

0.567 

0.375 

10.46 

0.5491 

37 

6.05 

36.54837 

1.3 

0.54722 

0.375 

17.53 

0.5471 

38 

6.05 

21.04145 

1.3 

1.0872 

0.375 

20.06 

0.2989 

fNote:  go/atQ  and  |  are  calculated  at  Am,  not  at  the  more  correct  value  of  At.  Consequently,  the 
tabulated  g^/cxo  values  are  slightly  lower  than  the  actual  values,  and  the  rjj  |  values  are  somewhat 
high. 
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The  following  parameters  are  obtained  from  Figures  8.4  through  8.7  of  (106): 


7  =  2ir  x  10®  rads/sec 
_  7 

lab  -  2 

=  n  X  108 rads/sec 

The  lifetime  of  the  upper  atomic  state  is  arbitrarily  assumed  to  be  10  times  that  of  the  lower  state: 
7„  =  107),.  This  is  not  unrealistic;  the  lifetime  of  the  upper  lasing  level  must  be  greater  than  that 
of  the  lower  level  in  order  to  maintain  a  population  inversion.  Using  these  parameters  with  the 
definitions  of  7^  and  leads  to: 

7 'Tab 

n  = - 

7a  7b 

=  6.05 

The  resonator  length  is  assumed  to  be  2.0  meters.  Then: 


=  1.3333... 


The  barecavity  mode  spacing  is  0.75  (in  units  of  the  atomic  linewidth). 

Four  barecavity  frequency  offsets  Am  are  used  in  the  study.  Each  laser  is  examined  at  linecenter 

a  <rr 

(Am  =  0.0),  the  maximum  possible  detuning  from  linecenter  (Am  =  =  0.375),  and  two 

intermediate  values  of  Am.  Because  of  the  symmetry  of  the  laser  equations  about  linecenter,  only 
positive  values  of  Am  are  used. 

The  pumping  rate  wC(t  and  the  loss  term  f2  are  chosen  to  yield  ga/<*o  ratios  in  the  range  (10,  25) 
at  linecenter.  The  linecenter  threshold  reflectivities  are  ri j  =  0.50  (two  cases)  and  rg  =  0.25  (one 
case).  The  actual  parameters  used  in  the  analyses  are  listed  in  the  table. 


One  additional  detuning  variable  is  required: 


Ao  =  v  —  £>i 

=  Aw-At  (7.1) 

This  frequency  difference  is  the  detuning  of  the  injected  signal  from  the  free-running  laser  frequency. 
Since  one  of  the  assumptions  of  the  rate  equation  approximation  is  that  the  phases  vary  slowly  in 
time  1/q,  A 6  is  restricted  to  the  range  (— 0.1,0. lj. 

The  Cubic  Curves 

Spencer  and  Lamb  (101)  discuss  in  some  detail  plots  of  the  internal  laser  intensity  /„  vs  the 
injected  intensity  7/  at  steady-state.  At  low  intensities,  7/  is  a  cubic  function  of  7„.  Similar  curves  can 
be  generated  with  the  TWL  equations.  Since  the  fields  in  the  Fabry-Perot  laser  vary  longitudinally, 
plots  of  Ir,l(z)  vs  7/  can  be  produced  for  any  axial  location  2  =  1.  The  curves  depict  the  injected 
intensity  required  to  produce  a  given  intensity  value  Ir  j_  at  some  longitudinal  position  in  the  laser. 
An  sample  “cubic  curve”  is  shown  in  Figure  7.1. 

The  TWL  equations  reduce  to  a  form  quite  similar  to  the  Spencer-Lamb  equations  at  mirror  A, 
as  Er{ 0)  =  El( 0)  and  yi>fl(0)  =  <pi(0).  Consequently,  most  of  the  cubic  curves  examined  in  this 
project  are  plots  of  Ir(0)  vs  7/.  The  following  sections  discuss  the  stability  of  injected  lasers  in 
the  context  of  the  cubic  curves,  the  general  behavior  of  the  curves,  and  the  unusual  behavior  of  the 
curves  noted  by  Ferguson  (87,  88). 

Injected  Laser  Stability.  Spencer  and  Lamb  derive  a  series  of  stability  criteria  for  the  injected 
laser  from  a  perturbative  analysis  of  their  equations  of  motion.  Their  analysis  demonstrates  that  the 
laser  will  lock  to  an  injected  signal  provided  that  7/  is  greater  than  some  threshold  value  7/  |t^.  The 
threshold  injected  intensity  corresponds  to  the  value  of  7/  at  the  turning  point  C  in  Figure  7.1.  The 
laser  will  not  lock  to  injected  signals  with  intensities  less  than  this  threshold  value.  Furthermore,  the 
injected  laser  will  almost  always  lock  to  the  upper  branch  (I)  of  the  cubic  curve.  The  laser  cannot 
operate  on  branch  II,  and  will  operate  on  branch  III  in  extremely  limited  circumstances.  The  laser 
will  never  operate  on  branch  IV,  as  it  is  unlocked  in  this  region. 
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Figure  7.1.  A  sample  cubic  curve,  rg  =  0.75,  A 6  =  0.008.  All  other  parameters  are  taken  from 
data  set  27. 

Several  heuristic  arguments  can  be  given  to  substantiate  this  behavior.  In  order  to  force  the 
laser  to  operate  at  a  nonresonant  frequency,  some  minimum  injected  intensity  must  be  applied  to 
the  device.  Below  this  minimum,  the  laser  will  not  lock  to  the  injected  signal.  Rather,  the  laser 
field  will  beat  against  the  injected  signal.  This  region  of  operation  corresponds  to  branch  IV  of  the 
cubic  curve.  Above  the  minimum  injected  intensity,  the  laser  will  lock  to  the  injected  signal.  On 
branches  II  or  III,  the  fields  inside  the  laser  are  not  as  intense  as  those  on  branch  I.  Consequently,  the 
gain  is  not  as  depleted  on  the  lower  two  branches  as  on  branch  I.  FYom  thermodynamics,  the  laser 
will  tend  to  operate  with  the  gain  as  depleted  as  possible  (minimum  stored  energy  condition),  i.e., 
on  branch  I.  Thus,  the  stability  criteria  derived  for  the  Spencer-Lamb  model  make  sense  physically. 


Lugiato  et  al  (97)  have  performed  numerical  stability  analyses  of  injected  lasers.  They  are 
able  to  generate  similar  cubic  curves  using  the  Lorentz  laser  model.  In  certain  operating  regimes, 
chaos,  period  doubling,  spiking  and  other  unusual  behavior  can  occur  if  //  <  h\th ■  Under  certain 
circumstances,  the  threshold  injected  intensity  has  a  value  greater  than  that  corresponding  to  the 
turning  point  C .  Their  model  always  locks  to  branch  I  when  operated  above  the  threshold  injected 
intensity  point.  Similar  chaotic  behavior  was  noted  using  the  Maxwell-Bloch  equations  for  the  Lamb 
laser,  derived  as  part  of  this  research.  Some  work  has  indicated  that  chaos  is  not  likely  to  occur  when 
the  rate  equation  approximations  (adiabatic  elimination  of  the  polarization  terms)  are  made  (155). 

An  attempt  was  made  to  derive  stability  and  locking  conditions  with  a  perturbative  analysis  of 
the  TWL  equations.  The  results  of  the  analysis  predicted  unlocked  behavior  in  regions  where  the 
time-dependent  codes  clearly  showed  locking.  Attempts  to  locate  the  errors  in  the  analysis  failed. 
Consequently,  this  approach  was  dropped. 

A  series  of  time-dependent  computer  runs  were  performed  to  numerically  examine  the  stability 
of  injected  lasers.  The  variables  are  listed  in  Table  11.  In  only  one  case  (run  15)  did  the  numerical 
results  indicate  locking  below  the  turning  point  C.  In  this  run,  it  is  likely  that  the  laser  was  not 
locked,  but  rather  in  an  extremely  long-period  oscillation  (see  the  section  on  time-dependent  results 
for  injected  lasers).  A  similar  phenomenon  was  observed  in  run  14.  Dramatically  extending  the 
number  of  time  steps  in  run  14  showed  that  the  laser  was  indeed  unlocked  and  in  a  very  long-period 

oscillation.  In  all  the  cases  in  which  7/  >  7/  ,  the  laser  locked  to  branch  I  of  the  cubic  curve. 

Ith 

In  light  of  the  limited  numerical  results  listed  in  Table  II,  the  stability  and  locking  criteria 
obtained  by  Spencer  and  Lamb  were  adopted  for  this  research:  the  minimum  injected  intensity  for 
locking  is  that  corresponding  to  turning  point  C,  and  the  laser  will  always  lock  to  branch  I  of  the 
cubic  curve.  It  must  be  noted  that  the  Spencer-Lamb  locking  criteria  may  not  be  directly  applicable 
to  this  problem,  as  their  equations  are  only  an  approximation  to  the  TWL  set.  The  analyses  by 
Lugiato  et  al  also  may  not  be  directly  applicable,  as  the  rate  equation  approximations  are  used 
in  the  derivation  of  the  TWL  equations.  One  alternative  is  to  perform  a  time-dependent  analysis 


TABLE  II 

Injected  Laser  Stability  Analysis! 


Run 

Number 

Am 

A<3 

h*  L 

Laser 

Behavior 

1 

0.0 

0.005 

2.50  x  10~5 

1.661  x  10~4 

Unlocked 

2 

0.0 

3.61  x  lO-4 

1.661  x  KT4 

Locked 

3 

0.0 

0.005 

1.00  x  10“3 

1.661  x  10-4 

Locked 

4 

0.0 

4.00  x  10~4 

6.224  x  10-4 

Unlocked 

5 

0.0 

0.010 

7.00  x  10“  4 

6.224  x  10-4 

Locked 

6 

0.0 

0.010 

9.00  x  10“4 

6.224  x  nr4 

Locked 

7 

0.0 

4.00  x  10-4 

6.224  x  10-4 

Unlocked 

8 

0.0 

-0.010 

7.00  x  10-4 

6.224  x  nr4 

Locked 

9 

0.0 

-0.010 

9.00  x  1CT4 

6.224  x  1CT4 

Locked 

0.10 

0.00796 

1.00  x  10-4 

3.986  x  lO"4 

Unlocked 

11 

0.10 

0.00796 

3.00  x  ur4 

3.986  x  10~4 

Unlocked 

12 

0.10 

0.00796 

3.30  x  10-4 

3.986  x  10~4 

Unlocked 

13 

0.10 

0.00796 

3.60  x  10-4 

3.986  x  lO"4 

Unlocked 

14 

0.10 

0.00796 

3.90  x  10-4 

3.986  x  lO'4 

Unlocked 

15 

0.10 

0.00796 

3.98  x  10“  4 

3.986  x  KT4 

Locked 

16 

0.10 

0.00796 

4.00  x  10"4 

3.986  x  10“4 

Locked 

17 

0.10 

0.00796 

4.10  x  10~4 

3.986  x  10-4 

Locked 

18 

0.10 

0.00796 

4.20  x  10"  4 

3.986  x  lO'4 

Locked 

19 

0.10 

0.00796 

4.50  x  10-4 

3.986  x  10-4 

Locked 

0.10 

0.00796 

4.80  x  10"4 

3.986  x  10-“ 

Locked 

21 

0.10 

0.00796 

5.10  x  10"4 

3.986  x  10-4 

Locked 

22 

0.10 

0.00796 

5.40  x  10"  4 

3.986  x  10~4 

Locked 

23 

0.10 

0.00796 

5.70  x  1(T4 

3.986  x  10-4 

Locked 

24 

0.10 

0.00796 

6.00  x  1CT4 

3.986  x  1CT4 

Locked 

25 

0.10 

0.00796 

6.30  x  1CT4 

3.986  x  10"4 

Locked 

26 

0.10 

0.00796 

6.60  x  10-4 

3.986  x  10-4 

Locked 

27 

0.10 

0.00796 

6.90  x  1CT4 

3.986  x  lO'4 

Locked 

28 

0.10 

0.00796 

7.20  x  1CT4 

3.986  x  lO-4 

Locked 

29 

0.10 

0.00796 

7.50  x  10"4 

3.986  x  10-4 

Locked 

0.10 

0.00796 

7.80  x  10-4 

3.986  x  10-4 

Locked 

31 

0.10 

0.00796 

8.10  x  10-4 

3.986  x  1CT4 

Locked 

32 

0.10 

0.00796 

9.00  x  IQ-4 

3.986  x  lO-4 

Locked 

t  re  =  0.70.  All  other  laser  parameters  are  taken  from  data  set  27. 


to  determine  the  locking  point  for  each  laser  operating  condition.  This  is  not  feasible  due  to  the 
computer  run  costs  and  the  sensitivity  of  the  numerical  routines  (see  Appendix  B). 


Cubic  Curve  Behavior.  The  cubic  curves  display  a  regular  behavior  as  a  function  of  |Ao|. 
A  sequence  of  the  curves,  with  A o  as  the  parameter,  are  shown  in  Figure  7.2.  In  this  example. 
Am  =  0.0.  When  the  injected  signal  frequency  t>/  is  the  same  as  the  free-running  laser  frequency 
turning  point  C  lies  on  the  vertical  axis.  This  is  the  free-running  laser  operating  point;  the  laser 
will  oscillate  at  this  point  in  the  absence  of  an  injected  field.  As  the  injected  signal  is  detuned 
from  £,  the  “s-shaped”  region  of  the  curves  shift  outward,  progressively  becoming  narrower.  In  the 
linecenter  case  (Am  =  0.0),  Ir(0)  at  point  C  decreases  while  the  value  at  turning  point  B  increases 
as  A<5  increases  from  0.0.  Eventually,  at  a  large  enough  value  of  Ad,  the  two  turning  points  coalesce 
into  a  single  point  with  infinite  slope.  For  larger  values  of  Ao,  the  cubic  curves  are  monotonically 
increasing  functions  of  //.  The  same  behavior  is  exhibited  if  AS  is  made  increasingly  negative,  due 
to  symmetry  about  linecenter.  Ferguson  has  noted  similar  behavior  of  the  cubic  curves.  Physically, 
the  behavior  indicates  that  increasingly  larger  injected  signals  are  required  to  lock  the  laser  as  the 
detuning  increases.  /r(0)  decreases  at  the  locking  threshold  point  C  when  |Ao|  rises  since  the  laser 
is  forced  to  operate  under  increasingly  nonresonant  conditions. 

The  trajectory  of  point  C  c is  a  function  of  A d  is  altered  somewhat  if  Am  /  0.0,  due  to  the 
asymmetry  of  the  gain  curve  about  0.  As  Ao  becomes  increasingly  positive  for  positive  At  (Am), 
Ir(0)  at  point  C  first  increases  then  decreases  until  the  two  turning  points  merge.  Note  that  the 
gain  decreases  as  Ao  rises.  In  the  Ir(0)~I[  plane,  the  trajectory  of  point  C  first  rises  and  then  falls. 
If  Ao  becomes  increasingly  negative  for  positive  At,  //j(0)  at  point  C  monotonically  decreases  until 
the  two  turning  points  merge.  In  this  case,  the  gain  increases  as  Ao  decreases.  The  trajectory  of 
point  C  monotonically  decreases  in  the  Ir{0)-Ij  plane.  Ferguson  did  not  observe  these  effects  as  his 
gain  go  is  not  a  function  of  0.  Although  not  examined,  similar  effects  should  hold  on  the  opposite 
side  of  the  gain  curve  due  to  symmetry. 
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Figure  7.2.  The  cubic  curves  as  functions  of  A o.  r b  —  0.75  and  Am  =  0.0.  All  other  parameters 
are  taken  from  data  set  27. 

The  detunings  ±Aomal  at  which  points  C  and  B  merge  are  functions  of  the  reflectivity  tr. 
Here,  the  ±  sign  denotes  the  positive  and  negative  A o  values  at  which  the  turning  points  coalesce. 

Aorna;E  |  increase  as  rj j  rises  from  r,n|th,  reach  a  maximum  value,  then  decrease  as  r#  — *  1.0.  The 
decrease  at  the  higher  reflectivity  values  is  much  more  pronounced  at  high  Am  values  than  near 
linecenter.  Only  at  linecenter  (Am  =  0.0)  does  +A6m(1I  =  -  A omax  for  all  reflectivities  tq. 

Anomalous  Behavior  of  the  Cubic  Curves.  Ferguson  has  performed  an  extensive  analytic  exami¬ 
nation  of  the  cubic  curves.  If  r*  =  1.0,  then  the  cubic  curves  obtained  from  his  model  at  any  location 
in  the  resonator  have  the  characteristic  s-shape  and  display  the  behavior  noted  above.  Regardless  of 
the  axial  location  5,  the  turning  points  B  and  C  occur  at  the  same  respective  values  of  /;.  However, 


if  <  1.0,  the  cubic  curve  representing  //j(l)  vs  7/  can  take  on  a  variety  of  anomalous  shapes. 
Extrema  in  7fl(l)  (defined  as  points  at  which  the  slope  ^  is  zero)  can  be  obtained.  Cusps  and 

loops  can  exist  in  the  curves.  To  a  large  degree,  the  location  and  orientation  of  the  cusps  and  loops 
can  be  set  by  the  appropriate  choice  of  laser  gains,  reflectivities,  and  detunings  A3.  Ferguson  has 
analytically  shown  that  the  anomalous  behavior  only  occurs  in  plots  of  //e  ( 1 )  vs  //;  at  any  other 
location  in  the  resonator,  the  curves  are  always  s-shaped  or  monotonically  increasing.  Additionally, 
the  extrema  can  only  exist  if  the  laser  model  allows  for  longitudinal  growth  of  the  electric  fields, 
as  in  the  TWL  and  simple  saturable  gain  models.  Such  behavior  will  not  occur  in  a  standing  wave 
model,  such  as  the  Spencer-Lamb  and  Chow  theories. 

Despite  the  differences  between  Ferguson’s  laser  model  and  the  current  theory,  similar  “cubic 
curves”  can  be  obtained  with  the  TWL  model.  Representative  curves  are  shown  in  Figures  7. 3-7. 4. 
The  first  figure  shows  the  transition  from  the  usual  s-shape  to  a  near-horizontal  cusp  to  a  loop, 
as  the  value  of  wrq  is  increased.  The  second  plot  is  a  near-vertical  cusp.  After  reaching  the  cusp, 
the  value  of  7«(l)  decreases  rapidly,  reaches  a  second  extreme  value,  then  rises  again.  Note  the 
very  large  value  of  Ao  required  in  this  plot.  This  value  is  clearly  outside  of  the  range  imposed  in 
Section  1. 

The  behavior  of  the  curves  raises  questions  about  the  stability  criteria  derived  by  Spencer  and 
Lamb.  Regions  of  branch  I  on  the  above  curves  exist  where  the  slopes  are  negative.  Moreover,  the 
slopes  are  positive  in  these  regions  for  all  other  cubic  curves  at  every  other  axial  location  in  the 
resonator.  According  to  the  stability  criteria,  the  regions  with  negative  slope  should  be  unstable. 
However,  since  the  Spencer-Lamb  model  does  not  allow  for  longitudinal  growth  of  the  electric  fields, 
it  is  doubtful  that  their  criteria  can  be  applied  to  the  present  case.  Clearly,  there  is  a  need  for  stability 
criteria  beyond  those  derived  by  Spencer  and  Lamb  to  treat  lasers  with  longitudinal  electric  field 
growth. 
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Figure  7.3.  Near-horizontal  cusps  and  loops.  In  these  plots,  T\  =  1.0,  ?2  =  10,  f3  =  1.0,  Am  = 
0.0,  Ao  =  0.0717,  =  0.632,  and  rjj  =  0.763.  Turning  point  C  is  denoted  on  the 

curves. 

Time-Dependent  Laser  Behavior 

A  series  of  time-dependent  runs  with  and  without  injected  signals  were  performed.  In  general, 
the  results  compare  quite  favorably  to  those  published  in  the  literature  (101,  106).  Due  to  numerical 
stability  problems  and  the  high  computer  run  costs,  the  amount  of  analysis  with  the  time  dependent 
codes  was  limited. 

Free-Running  Lasers.  A  typical  run  without  injection  is  shown  in  Figure  7.5.  The  general  shape 
of  the  electric  Geld  amplitudes  is  quite  similar  to  those  shown  (106).  At  high  and  low  values  of  rp, 
a  rippled  or  sawtooth  behavior  occurs  in  the  Geld  amplitudes  (Figure  7.6).  The  ripples  usually 


Figure  7.4.  Near-vertical  cusp.  In  this  plot,  =  1.0,  f2  =  1010,  f3  =  1.0,  Am  =  0.0,  Ao  =  0.285, 
r ^  =  0.548,  tb  =  0.536,  and  weq  =  17.0.  Turning  point  C  is  denoted  on  the  plot. 

damp  out;  however,  when  rjj  cs  1.0  or  f£j  ss  |  the  ripples  grow  exponentially  in  time  until  the 
numerical  routine  becomes  unstable.  Analysis  demonstrated  that  the  ripples  are  due  solely  to  the 
initial  conditions  and  are  not  a  laser  phenomenon.  (See  Appendix  B  for  a  detailed  explanation  of 
the  effect.)  At  intermediate  values  of  re,  the  ripples  sometimes  existed,  but  usually  damped  out 
rapidly.  The  steady-state  amplitudes  agreed  excellently  with  those  calculated  from  the  steady-state 
codes. 

Relaxation  oscillations  (141,  146)  were  not  noted  in  any  of  the  runs.  In  all  cases,  the  fields 
rose  smoothly  to  the  steady-state  values,  without  overshooting  and  ringing.  This  could  be  due  to 


Figure  7.5.  Typical  time-dependent  laser  run.  £0ut  vs  t,  for  r#  =  0.75.  All  other  parameters  are 
taken  from  data  set  27. 

the  limited  parameter  6pace  explored.  In  other  regions  of  the  space  (i.e. ,  very  strong  pumping), 
relaxation  oscillations  might  occur. 

Plots  of  the  phase  time  derivatives  <Pr_l  vs  t  generally  display  a  shift  from  some  initial  value  to 
a  final,  constant  value.  This  final  value  is  the  offset  of  input  reference  frequency  Oj  from  the  actual 
lasing  frequency  u.  (Recall  that  u  =  £/  +  <Pr,l)  Transients,  often  severe,  exist  in  the  plots  of  <pr,l 
vs  t.  They  are  principally  due  to  the  initial  conditions  for  <Pr,l-  The  computer  code  sets  the  initial 
value  of  the  phase  time  derivatives  equal  to  rero.  This  will  generally  force  an  immediate  shift  in 
frequency  to  some  finite  value  that  eventually  decays  to  the  final  constant  value.  The  frequency  shift 
couples  through  the  gain  into  the  field  amplitudes  and  the  explicit  values  of  ‘Pn.t-  More  realistic 


Figure  7.6.  £0ut  vs  t,  for  rg  =  0.26.  All  other  parameters  are  taken  from  data  set  29.  Note  the 
ripples  in  the  output  field  amplitude.  Only  the  initial  field  rise  is  plotted. 


initial  conditions  for  <PR,g  might  preclude  or  diminish  such  transient  behavior.  In  all  the  runs 
examined,  <pr  and  <pl  were  equal  and  constant  in  z  at  steady-state.  This  implies  that  the  frequency 
of  E/j  is  equal  to  that  of  E^,,  and  that  the  frequency  is  constant  spatially. 

Injected  Lasers.  The  behavior  of  the  injected  laser  depends  upon  whether  the  injected  signal 
amplitude  is  above  or  below  the  locking  threshold.  If  the  signal  is  greater  than  the  threshold  value, 
the  field  amplitudes  approach  some  constant,  steady-state  value  and  the  phase  time  derivatives  are 
driven  to  zero.  If  the  injected  signal  strength  is  less  than  the  threshold  value,  the  output  laser  field 
displays  amplitude  and  frequency  modulation.  Example  plots  are  shown  in  Figures  7. 7-7. 9. 
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0.70,  Ijs  —  2.50  x  10  Am  —  0.0,  and  Ao  -  0.005.  All  other  parameter?  are 
taken  from  data  set  27.  1JN  ||h  =  1.601  x  10‘V  (a)  £„Uf  vs  t.  (h)  £/?(!)  vs  f. 
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When  lis  is  less  than  the  minimum  signal  strength  required  for  locking,  the  injected  field  beats 
against  the  free-running  laser  field.  This  results  in  amplitude  and  phase  modulations  of  E„ut,  as 
seen  in  Figure  7.7.  (Note  the  large  amount  of  numerical  noise  present  in  the  figures.  In  many 
runs,  the  noise  did  not  damp  out,  even  after  several  hundred  thousand  time  steps.  The  phase  noise 
always  required  much  longer  to  damp  out  than  the  field  amplitude  noise.  This  is  due  primarily  to 
the  phase  time  derivatives  present  on  the  right-hand  sides  of  the  TWL  equations.)  The  plots  are 
qualitatively  similar  to  those  in  Figures  3  and  4  of  (101).  In  general,  the  periods  of  the  oscillations 
are  governed  by  the  strength  of  the  injected  signal.  The  oscillation  periods  are  relatively  short  when 
the  injected  signals  are  very  weak.  As  lis  approaches  the  locking  threshold,  the  periods  of  the 
oscillations  become  extremely  long.  This  effect  occurs  for  fixed  detuning  Ad  of  the  injected  signal 
from  the  free-running  frequency.  This  behavior  is  depicted  in  Figure  7.8.  Similar  behavior  has  been 
noted  experimentally  in  injected  semiconductor  lasers  (51).  The  modulation  depth  remains  roughly 
constant,  regardless  of  the  amplitude  of  the  injected  signal.  This  is  counterintuitive;  the  expected 
behavior  is  that  the  beat  frequency  remains  fixed  as  Ij  varies  but  the  modulation  depth  changes.  In 
all  cases  tested,  the  threshold  injected  intensity  for  locking  corresponded  to  the  turning  point  C  on 
the  cubic  curves. 

Figure  7.9  displays  the  behavior  of  the  outcoupled  field  when  lis  is  above  the  locking  threshold 
value.  Note  that  the  electric  field  amplitude  overshoots  the  steady-state  value  after  the  initial  rise. 
After  some  ringing,  the  amplitude  decays  to  the  steady-state  value.  The  phase  time  derivatives 
suffer  an  initial  transient  that  decays  to  zero  at  steady-state.  The  final  value  of  zero  implies  that 
0  =  Si,  as  expected.  This  behavior  was  observed  in  all  of  the  runs  that  were  performed.  No  runs 
were  performed  with  Ad  so  large  that  the  cubic  curves  were  monotonically  increasing  functions  of 


Steady-State  Behavior:  Free-Running  Lasers 

The  free-running  laser  at  steady-state  was  examined  extensively.  Comparisons  of  the  TWL 
model  and  the  simple  saturable  gain,  Lamb,  and  Spencer-Lamb  models  were  performed.  Addition¬ 
ally,  experimental  data  from  an  XeF  laser  were  reduced  using  the  TWL  and  simple  saturable  gain 
models.  These  comparisons  and  XeF  data  are  discussed  in  the  following  sections. 

The  Simple  Saturable  Gain  and  TWL  Models.  Comparisons  of  the  TWL  and  simple  saturable 
gain  models  were  made  for  the  twelve  data  sets  listed  in  Table  I.  For  convenience  and  to  expedite 
the  comparisons,  the  free-running  frequencies  were  forcibly  set  equal  to  the  barecavity  frequencies 
(C>  —  Cl).  Consequently,  At  =  Am.  (Note  that  this  does  not  ignore  the  effects  of  medium  pushing 
and  pulling.  As  discussed  below,  0  is  a  function  of  the  mirror  reflectivities.  In  order  to  simplify 
the  comparisons  of  the  two  models,  0  was  fixed  for  all  tb  values.  For  consistency  with  the  data 
set  values,  At  was  set  equal  to  Am.  An  alternate  way  to  view  this  is  that  the  values  of  Am  were 
tuned  for  each  tb  value  such  that  the  At  values  were  constant  for  all  tb-  This  was  only  done  in  the 
comparisons  of  the  simple  saturable  gain  and  TWL  models.) 

A  typical  plot  of  7r(0)  vs  tb  is  depicted  in  Figure  7.10.  The  fields  rise  monotonically  as  tb 
increases,  due  to  the  decreasing  losses  of  the  resonator.  The  simple  saturable  gain  model  predicts 
higher  field  amplitudes  as  the  model  does  not  include  the  effects  of  spatial  holeburning.  The  dif¬ 
ferences  in  the  intensities  from  the  two  models  are  typically  in  the  range  20-30%.  The  spatial 
holeburning  effects  are  thus  quite  significant.  The  energy  extraction  efficiencies  calculated  with  the 
simple  saturable  gain  model  are  correspondingly  higher  than  the  correct  values  calculated  with  the 
TWL  model.  Increasing  |At|  causes  a  decrease  in  the  field  amplitudes  in  both  models.  This  can  be 
understood  by  examining  Eq  (4.10a).  As  the  frequency  shifts  off  linecenter,  the  small  signal  gain  g^L 
decreases.  Consequently,  the  fields  supported  by  the  laser  decrease  in  amplitude. 

Both  models  produce  the  same  lasing  threshold  reflectivity  tb  |  fc.  This  is  expected,  as  explained 
in  Chapter  IV.  The  threshold  reflectivity  values  agreed  excellently  with  the  values  calculated  from 


Figure  7.10.  /«(0)  vs  re  for  the  simple  saturable  gain  (SSG)  model  and  the  TWL  model.  All 

parameters  are  taken  from  data  set  27. 

Eq  (4.17c).  A  slightly  expanded  version  of  the  threshold  equation,  verihed  numerically,  is: 

(rxr„)L-«p  (7.2 

A  close  examination  of  the  intensity  values  near  threshold  reveals  an  anomalous  behavior.  Both 
models  predict  that  the  intensity  approaches  zero  as  r#  — *  rp  |  .  The  percentage  difference  in 

the  intensities  of  the  two  models  increases,  however,  as  r#  — *  rjj  |  .  Physically,  the  intensities  are 


approaching  zero,  but  at  different  rates  in  the  two  models.  A  careful  reduction  of  the  TWL  equations 


of  motion  to  the  threshold  regime  yields: 
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The  simple  saturable  gain  model  reduces  to: 
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where: 

4,L  =  ^  (7-3e) 
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To  second  order  in  the  intensities,  the  models  are  significantly  different.  Only  in  the  zero  field  limit 
(exactly  at  threshold)  are  the  two  models  identical.  Consequently,  the  two  models  approach  the 
same  threshold,  but  at  different  rates. 

Figure  7. 1 1  is  a  plot  of  the  output  intensities  vs  the  reflectivity  of  mirror  B.  Both  models  generate 
the  usual  peaked  plots.  The  output  fields  are  zero  as  r*  =  1.0  since  the  mirror  transmission  is  zero. 
As  the  reflectivity  drops,  &„ut  rises  to  a  peak.  The  peak  occurs  when  the  increase  in  transmissivity 
is  overcome  by  the  decrease  in  £*(l).  The  peak  output  field  occurs  at  a  slightly  lower  value  of  r/j 
in  the  simple  saturable  gain  model  than  in  the  TWL  model.  This  is  of  some  significance,  as  lasers 
are  often  designed  to  operate  at  the  peak  output  power.  Use  of  the  simple  saturable  gain  model 


Figure  7.11.  Imt  vs  rjj  for  the  SSG  and  the  TWL  models.  All  parameters  are  the  same  as  in 
Figure  7.10. 

to  optimize  the  output  power  will  result  in  extracting  slightly  less  than  the  peak  power.  These 
observations  are  similar  to  those  noted  by  Agrawal  and  Lax  (142,  143). 

The  Standing  Wave  and  TWL  Models.  The  TWL  model  was  compared  to  three  standing- 
wave  laser  models  (Lamb,  Spencer-Lamb,  and  a  modified  version  of  the  Spencer-Lamb  model).  The 
standing-wave  models  are  often  used  for  laser  design  and  analysis.  However,  as  is  shown  below, 
these  models  are  only  valid  for  very  high  mirror  reflectivities. 

For  convenience,  the  Lamb  model  is  repeated  below: 
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The  Spencer-Lamb  model  is: 
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(7.4(1) 


A  modified  version  of  the  Spencer-Lamb  model  was  also  used  in  the  comparisons.  The  dielectric 
bump  introduces  a  large  frequency  shift,  as  discussed  in  Appendix  A.  In  the  modified  model,  the 
phase  effects  of  the  dielectric  bump  are  ignored,  but  the  losses  are  retained.  The  model  is  given  by: 
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The  Lamb,  Spencer-Lamb,  and  modified  Spencer-Lamb  models  will  be  referred  to  as  the  SWL,  SLl, 
and  SL2  models,  respectively. 

The  models  were  compared  using  the  parameters  from  data  sets  27-29.  The  output  intensities, 
threshold  reflectivities,  peak  output  powers,  and  ranges  of  validity  of  the  standing-wave  models  were 
explored. 

Figure  7.12  is  a  comparison  of  Iout  vs  tq  for  the  four  models.  The  four  models  show  the  usual 
peaked  behavior.  In  all  runs,  the  TWL  model  predicted  the  highest  output  fields,  followed  (in  order) 
by  the  SWL,  SL2,  and  SLl  models.  A  set  of  simple  arguments  can  explain  the  ordering.  At  mirror  A, 
the  TWL  equations  reduce  to  a  form  almost  identical  to  the  SWL  model,  except  for  the  presence  of 
the  spatial  derivatives.  The  field  amplitudes  at  mirror  A  should  be  quite  close  to,  but  slightly  lower 
than,  those  calculated  with  the  SWL  model.  Comparisons  of  the  amplitudes  reveal  this  to  be  the 
case.  However,  in  the  propagation  from  mirror  A  to  mirror  B,  Er(z)  grows  in  the  TWL  model  but 
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Figure  7.12.  I^t  vs  j-jj  for  the  TWL,  SWL,  SL1,  and  SL2  models.  All  parameters  are  from  data 
set  27. 

stays  constant  in  the  SWL  model.  The  field  amplitudes  at  mirror  B,  and  consequently  will  be 
greater  in  the  TWL  model  than  in  the  SWL  model  except  possibly  when  r#  es  1.0.  As  discussed 
in  Appendix  A,  the  losses  due  to  the  dielectric  bump  are  greater  than  those  due  to  mirror  B  for 
rp  >  0.166.  With  greater  losses,  the  Spencer-Lamb  models  yield  lower  field  values  than  the  SWL 
model.  Since  the  SLl  model  incurs  a  large  frequency  shift  due  to  the  dielectric  bump,  its  gain  (off 
linecenter)  is  lower  than  that  of  the  SL2  model.  The  SLl  model  thus  predicts  lower  field  values  than 
the  SL2  model.  These  arguments  explain  physically  the  ordering  of  the  the  output  field  intensities. 

The  values  of  are  ordered  in  a  similar  manner.  The  TWL  and  SWL  models  have  the 

same  value  of  lasing  threshold,  as  discussed  in  Chapter  IV.  The  Spencer-Lamb  models  have  higher 
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thresholds  due  to  the  larger  losses  of  the  dielectric  bump.  The  SLl  model  has  the  highest  lasing 
threshold,  as  the  frequency  shift  of  the  dielectric  bump  lowers  the  effective  laser  gain.  The  threshold 
values  for  the  TWL,  SWL,  and  SL2  models  agree  excellently  with  the  values  from  Eqs  (4.17c) 
and  (4.45b).  No  attempt  was  made  to  calculate  the  threshold  reflectivities  for  the  SLl  model. 

The  output  intensities  peak  at  different  values  of  tb  in  the  four  models.  The  TWL  model  has 
its  peak  at  the  lowest  value  of  r/j,  followed  by  the  the  SWL,  SL2,  and  SLl  models.  The  peak  value 
is  the  highest  for  the  TWL  model.  Note  the  relevance  this  has  on  laser  design:  the  standing-wave 
laser  models  underpredict  the  peak  output  fields  (and  therefore,  extraction  efficiencies),  and  give 
incorrect  reflectivities  rg  at  which  the  peaks  occur. 

Figure  7.13  is  an  expanded  version  of  Figure  7.12.  At  very  high  reflectivities,  the  ampli¬ 
tudes  &r(z)  and  El(z)  are  approximately  constant  in  z  and  equal.  In  this  limit,  the  fields  in 
the  TWL  model  can  be  approximated  as  plane,  standing  waves.  The  losses  of  the  dielectric  bump 
are  roughly  equal  to  those  of  mirror  B.  Additionally,  the  frequency  shift  due  to  the  dielectric  bump 
is  small.  Consequently,  the  four  models  yield  approximately  the  same  output  field  amplitudes.  For 
rD  >  0.95,  the  TWL  model  can  be  replaced  by  any  of  the  standing  wave  models  with  reasonably 
accurate  results.  However,  for  tb  <  0.90,  the  standing  wave  models  are  no  longer  valid,  due  to  the 
breakdown  of  the  standing  wave  approximation.  Considering  that  the  steady-state  codes  for  the 
TWL  model  are  extremely  fast  (less  than  one  second  is  required  to  calculate  the  fields  for  a  single 
value  of  tb  on  a  VAX  8700  computer),  there  is  little  justification  for  using  the  standing  wave  models 
except  when  rD  >  0.95. 

The  Steady-State  Lasing  Frequency.  A  shortcoming  of  the  TWL  model  is  that  the  equations  of 
motion  cannot  be  solved  for  the  steady-state  lasing  frequency  0.  This  frequency  can  be  calculated 
numerically,  using  the  procedure  described  in  Appendix  B. 

0  was  calculated  at  over  3000  operating  points  in  a  wide  parameter  space.  The  twelve  data  sets 
(Table  I)  were  used  as  the  basis  of  the  space.  The  gain  length  Lg  was  varied,  as  was  the  location  of 
the  gain  medium  inside  the  resonator.  Both  mirror  reflectivities  were  allowed  to  be  less  than  unity. 


Figure  7.13.  Iout  vs  r/j  for  the  TWL,  SWL,  SLl,  and  SL2  models  at  high  mirror  reflectivities.  All 
parameters  are  from  data  set  27. 

The  calculated  frequencies  were  compared  to  those  obtained  at  the  same  operating  points  from  the 
Lamb  model;  i.e. ,  Eq  (4.34a).  In  all  cases,  the  numerically  calculated  frequencies  for  the  TWL  model 
agreed  with  those  obtained  from  the  Lamb  model  to  within  the  numerical  error  given  by  Eq  (B.15). 
It  may  be  inferred,  then,  that  the  formula  for  0  obtained  from  the  Lamb  model  is  valid  for  the  TWL 
model.  A  slightly  expanded  version  of  the  formula  that  allows  for  variable  reflectivities  at  eit her 


mirror  is: 


W 


A  t  = 


1  +  jr  -  r~V  In  rArD 
72  t3L0 


(7.5b) 


The  longitudinal  mode  spacing,  including  the  effects  of  the  gain  medium,  can  be  obtained  by  com¬ 
bining  Eqs  (7.5a)  and  (B.8): 

60  =  0n+l  -  0„ 

_  _ c/2 ~,L _ 

x  +  rr-  lnrArc 
72  r3Lg 

(7.5c) 


*3 


1  +  4-  -  r4-  \nrArD 
72  r3La 


Eq  (7.5)  can  be  interpreted  in  the  following  light.  A  Fabry-Perot  resonator  has  a  Lorentzian 
response  curve  (146:79),  with  a  full  width  at  half-maximum  given  by  (unnormalized  units): 


(7.6) 


where  n  is  the  index  of  refraction  inside  the  resonator.  Assuming  that  n  ks  1  and  using  Eq  (4.10b) 
in  the  above  expression,  the  full  width  at  half-maximum  (in  radian  frequency  and  normalized  units) 
can  be  written  as: 


Aw  1/2  —  2 


In  rArD 


(7.7) 


Substituting  Eq  (7.7)  into  Eq  (7.5b)  yields: 


At  = 


Am 

7^ 


(7.8) 


The  amount  of  frequency  pulling  is  dependent  only  upon  the  halfwidth  of  the  resonator  response 
curve.  Figure  7.14  displays  the  underlying  physics  of  frequency  pulling.  The  resonator  response 
curve  is  centered  about  the  barecavity  mode  frequency  Cl.  Due  to  the  6nite  width  of  the  cavity 


3 


Figure  7.14.  The  physical  mechanism  underlying  frequency  pulling  and  pushing.  0  is  pulled  to¬ 
ward  linecenter,  but  still  remains  under  the  resonator  response  curve. 

resonance,  the  actual  lasing  frequency  £>  shifts  slightly  toward  linecenter,  where  the  laser  gain  is 
higher.  For  lossy  resonators,  the  response  curve  is  broad  and  0  can  shift  a  considerable  distance 
toward  linecenter.  The  effects  of  frequency  pulling  and  pushing  are  minimized  in  very  high  Q 
resonators.  Finally,  the  longitudinal  mode  separation  is  reduced  by  the  factor: 

1 

1  + 

from  the  barecavity  mode  separation  when  the  cavity  and  medium  losses  are  taken  into  account. 

Experimental  Excimer  Laser  Results.  A  series  of  experimental  XeF  laser  data  were  reduced 
using  both  the  TWL  and  simple  saturable  gain  models  (156).  The  excimer  laser  is  depicted  schemat¬ 
ically  in  Figure  7.15.  The  cavity  was  essentially  a  Fabry- Perot  resonator.  The  central  section  of 
the  gain  region  was  pumped  with  an  electron  gun.  The  absorption  of  the  unpumped  region  of  the 
gain  cell  was  ignored  in  the  following  analysis,  as  were  any  effects  from  the  window  at  z  =  131  cm. 
The  objective  of  the  experiment  was  to  determine  the  small  signal  gain  90  and  absorption  a0.  The 
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Figure  7.15.  The  XeF  laser.  Mirror  A  has  a  radius  of  curvature  of  917cm,  whereas  mirror  B  is 
a  flat.  Only  the  central  portion  (crosshatched)  is  pumped.  All  dimensions  are  in 
centimeters. 

output  powers  of  the  device  were  measured  for  a  series  of  different  output  coupler  reflectivities.  The 
reflectivity  of  mirror  A  was  held  constant  at  r *  =  —1.0,  while  that  of  mirror  B  was  allowed  to  vary. 
Five  series  of  runs  were  performed.  The  output  intensities  and  reflectivities  are  listed  in  Table  III. 
No  error  bars  were  given  for  the  data. 

The  laser  was  assumed  to  be  homogeneously  broadened  and  operating  on  a  single  longitudinal 
mode  at  linecenter  (At  =  0.0).  The  saturation  intensity  was  arbitrarily  set  equal  to  unity  (ft  =  1.0). 
The  common  factor  f3  in  the  go  and  a0  expressions  (Eq  (4.10))  was  set  equal  to  unity  for  simplicity. 
The  problem  then  reduced  to  obtaining  pairs  of  (uvv,r2)  that  would  best  fit  an  I„ut  vs  rB  curve  to 
the  experimental  data.  The  wrq  and  r2  values  were  then  converted  to  g,>  and  r»0,  respectively,  with 
Eq  (4.10).  Both  the  TWL  and  simple  saturable  gain  models  were  used  to  compute  the  small  signal 


TABLE  III 

XeF  Laser  Data:  as  a  Function  of  t2b  f 


rD 

Series  1 

Series  2 

Series  3 

Series  4 

Series  5 

L95 

73.76 

68.32 

63.83 

59.03 

57.88 

i.90 

110.33 

95.83 

90.15 

85.91 

84.59 

1.80 

117.49 

112.50 

104.00 

103.56 

99.91 

1.70 

143.12 

142.86 

134.03 

125.42 

126.93 

1.60 

141.90 

136.09 

131.22 

128.21 

125.98 

126.19 

118.94 

113.68 

109.43 

102.40 

values  are  in  units  of  kW/cm2 


TABLE  IV 

XeF  Laser  Data:  Small  Signal  Gains  and  Losses 


Run  No. 


Model 


g,i(%  cm  1 


c*o(% cm  ') 


gains  and  losses.  The  curvefitting  results  are  listed  in  Table  IV.  In  all  cases,  the  TWL  model  predicts 
slightly  higher  go  and  a0  values.  The  values  compare  reasonably  well  with  the  expected  values  of 
go  =  1.1  %cm-1  and  ao  =  0.1  %cm'1.  The  data  and  fitted  curves  for  Series  2  are  displayed  in 
Figure  7. 16. 
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Steady-State  Behavior:  Injected  Lasers 

The  majority  of  the  numerical  analyses  performed  dealt  with  injected  lasers  at  steady-state.  The 
behaviors  of  the  lasers  were  examined  at  three  operating  points:  the  minimum  injected  intensity 
point  (Mil  point,  corresponding  to  turning  point  C  on  the  cubic  curves),  the  point  at  which  G i 
reaches  its  maximum  (MGl  point),  and  the  point  at  which  G 2  is  maximized  (MG2  point).  The 
Mil  point  is  the  locking  threshold  point,  according  to  the  Spencer-Lamb  criteria.  The  MGl  point 
yields  the  maximum  system  gain  obtainable  from  the  laser.  Finally,  the  MG2  point  indicates  the 
maximum  ratio  of  internal  laser  fields  to  injected  fields  that  can  be  achieved. 

The  positions  of  the  MGl  and  MG2  points  on  the  cubic  curves  are  functions  of  |Ao|  and  To- 
The  MG2  point  in  all  cases  examined  lies  on  branch  I  of  the  cubic  curve.  At  high  ro  and  low  |Ao| 
values,  the  MGl  point  lies  on  branch  II  of  the  cubic  curve.  These  operating  points  cannot  be 
achieved  in  practice  as  they  lie  on  an  unstable  branch.  As  |Ao|  rises  or  ro  decreases,  the  MGl 
point  shifts  through  the  Mil  point,  and  thereafter  lies  on  branch  I.  These  regions  are  indicated  in 
Figure  7.17.  Since  only  branch  1  of  the  cubic  curve  is  stable,  the  maximum  Gi  point  was  constrained 
to  lie  on  this  branch  only.  That  is,  even  when  the  actual  (global)  maximum  occurred  on  branch  II, 
only  the  maximum  point  on  branch  I  was  located.  (When  the  global  maximum  existed  on  branch  II, 
the  maximum  on  branch  I  coincided  with  the  Mil  point.)  The  behavior  of  the  Mil  point  (turning 
point  C)  as  a  function  of  |Ao|  has  been  discussed  previously.  All  told,  the  operating  points  can 
exist  in  one  of  three  different  relative  positions  on  branch  I.  First,  all  three  points  coincide  when 
Ao  =  0.0.  This  is  the  free-running  laser  point;  gains  G\  and  Gi  are  infinite  under  this  operating 
condition.  Second,  the  MG2  point  can  lie  on  branch  I  away  from  the  Mil  point,  with  the  MGl  point 
between  them.  Finally,  the  Mil  and  MG2  points  can  coincide,  with  the  MG2  point  shifted  out  along 
branch  I. 

At  each  operating  point,  four  physical  quantities  (observables)  were  calculated:  7^(0),  //,  G 1, 
and  G 2.  The  parameter  space  examined  had  A 5  and  ro  as  variables.  Am  was  held  fixed  in  each 
data  set,  so  At  varied  as  a  function  of  ro-  However,  the  frequency  variable  of  interest  was  Ao;  it  was 
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Figure  7.17.  Locations  of  the  MG1  point  on  the  cubic  curves.  The  numbers  denote  the  particular 
branch  of  the  cubic  curve  on  which  the  MGl  point  lies,  (a)  Front  data  set  27,  (b) 
from  data  set  36. 


measured  relative  to  the  (varying)  At.  Physically,  this  corresponds  to  maintaining  a  fixed  cavity 
length,  but  varying  the  reflectivity  of  mirror  B  and  the  detuning  of  the  injected  signal. 

Two  series  of  calculations  were  performed.  First,  the  observables  were  computed  at  the  three 
operating  points  in  the  region  of  the  (A o,rg)  plane  where  the  cubic  curves  exhibit  the  s-shape. 
Second,  the  observables  were  calculated  at  the  MG2  point  in  as  wide  a  region  of  the  (Ao,  r/j)  plane 
as  possible.  In  this  case,  the  parameter  space  was  bounded  by  the  constraints  rj,|  <  tr  <  1.0 
and  | Ao |  <  0.1.  (As  will  be  seen,  Ir( 0)  often  became  infinite  at  the  MG2  point  for  | Ao |  <  0.1. 
This  condition  became  the  actual  constraint  on  Ao.)  The  second  set  of  calculations  requires  the 
assumption  that  the  MG2  point  is  always  a  locked  and  stable  operating  point.  As  noted  above, 
the  MG2  point  always  lies  on  branch  I  of  the  s-shaped  cubic  curves  and  is  therefore  (presumably) 
a  stable,  locked  operating  point.  As  |Ao|  — *  |±A6m<II|,  the  MG2  point  moves  away  from  the  Mil 
point  at  an  increasing  rate.  When  |Ao|  >  |±Aomal|,  nothing  can  be  stated  about  stability  or 
locking.  However,  since  the  MG2  point  continuously  moves  away  from  the  Mil  point,  it  is  assumed 
that  the  MG2  point  is  always  locked  and  stable. 

The  numerical  studies  were  performed  with  the  approximate  formula  for  3,  Eq  (3.27a),  used 
in  the  boundary  condition  for  mirror  B.  The  loaded  cavity  mode  spacing,  and  hence  the  exact 
expression  for  3,  were  obtained  after  the  analyses  were  completed.  Four  cases  (data  sets  27,  29, 
30,  and  38)  were  repeated  with  the  exact  equation  for  3  employed  in  the  boundary  condition.  The 
impact  of  using  the  approximate  expression  in  the  boundary  condition  was  observed  to  be  minimal: 
the  curves  shifted  somewhat  and  the  contour  levels  changed  slightly,  but  the  general  shapes  of  all  of 
the  plots  remained  the  same.  As  a  result,  the  physical  interpretations  of  the  locking  process  remain 
unchanged. 

The  following  sections  examine  the  behavior  of  the  four  observables  at  the  three  operating 
points.  Due  to  the  large  number  of  figures,  contour  and  slice  plots  of  the  data  are  relegated  to 
Appendix  C.  For  simplicity,  only  data  from  sets  27  and  36  are  presented.  The  lasers  parameters  are 
identical  in  these  sets  except  that  Am  =  0.0  in  set  27  and  Am  =  0.375  in  set  36.  These  sets  are 
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representative  of  linecenter  and  off  linecenter  operation  of  the  injected  lasers.  All  of  the  following 
plots  and  those  in  Appendix  C  were  generated  with  the  exact  expression  for  t?.  One  additional 
definition  is  required:  F|m  denotes  the  observable  F  at  the  Mxx  operating  point.  For  example, 
MOJImi,  denotes  Ir{ 0)  at  the  Mil  point. 

Behavior  of  IniO).  Contour  plots  of  Ir(0)  in  the  (Ao.ru)  plane  are  given  in  Figures  C.1-C.8. 
Slice  diagrams  through  these  contours  are  shown  in  Figures  C.9-C.17.  All  plots  are  symmetric  about 
the  line  Ao  =  0.0  in  data  set  27,  as  the  gain  profile  is  symmetric  about  linecenter.  In  data  set  36,  the 
gain  is  no  longer  symmetric  about  the  free-running  point;  this  asymmetry  is  reflected  in  the  plots. 

The  contour  plots  are  a  series  of  smooth,  concoidal  curves.  At  high  tr  and  low  |  Ao|  values,  the 
contours  overlap  in  the  MGl  and  Mil  cases.  This  occurs  where  the  global  maximum  G i  point  lies 
on  branch  II  of  the  cubic  curve,  and  the  local  maximum  on  branch  I  coincides  with  the  Mil  point. 
The  Mil,  MGl,  and  MG2  contours  are  tangential  to  each  other  along  the  Ao  =  0.0  line.  The  MG2 
and  MGl  (Mil)  contours  separate  in  opposite  directions  from  this  line. 

Generally,  7^(0)  increases  monotonically  as  tr  increases,  for  fixed  Ao.  This  is  exhibited  at  the 
three  operating  points.  As  the  losses  of  the  laser  decrease  ( r r  increases),  the  circulating  fields  in  the 
injected  laser  should  also  rise.  A  notable  exception  arises  at  very  high  —  Ao|  values  for  the  MG2 
points.  Ir(0)  first  decreases  then  increases  as  tr  rises.  This  can  be  observed  in  the  contour  plots. 

Plots  of  Ir( 0)  vs  Ao  at  the  Mil  and  MGl  points  are  concave  downward.  If  Am  =  0.0,  the 
maximum  point  on  each  curve  occurs  at  Ao  =  0.0.  If  Am  ^  0.0,  the  maximum  always  occurs 
at  some  Ao  >  0.0.  A  possible  explanation  for  the  behavior  at  the  Mil  points  can  be  advanced. 
As  |  Ao |  increases,  the  cavity  becomes  increasingly  nonresonant.  The  minimum  stable,  locked  field 
configuration  should  therefore  decrease  in  amplitude  as  [Ao|  increases.  This  would  account  for  a 
general  decrease  in  / /? (0)  with  rising  |Aoj.  However,  the  shift  of  the  maximum  to  a  positive  Ao 
value  when  Am  /  0.0  runs  contrary  to  this  explanation.  The  unsaturated  gain  go  is  lower  at  the 
peak  than  at  Ao  =  0.0;  this  further  confuses  the  issue. 


In  the  discussion  of  the  cubic  curves,  the  trajectory  of  turning  point  C  as  a  function  of  |Ad| 
in  the  (//,  /fi(0))  plane  was  examined.  The  trajectories  can  be  correlated  to  the  //j  (0)  vs  Ad  plots. 
When  Am  ^  0.0,  /r(0)  first  rises  then  falls  as  Ad  increases  in  the  Mil  plots.  This  corresponds  to 
the  rising  and  falling  trajectory  of  turning  point  C  with  increasing  Ad.  Note  that  Ir  (0)  decreases 
monotonically  as  -Ad  decreases.  This  creates  a  similar  monotonic  drop  in  the  trajectory  of  the 
turning  point  when  Ad  <  0.0. 

At  the  MG2  point,  the  /« (0)  vs  Ad  plots  are  concave  upward.  For  large  enough  values  of  |Ad|, 
Ir( 0)  becomes  infinite.  If  Am  =  0.0,  the  minimum  //e (0)  value  occurs  at  Ad  =  0.0.  For  Am  /  0.0, 
the  minimum  shifts  to  some  negative  value  of  Ad.  In  all  runs  examined,  ^/t(0)|Mr2>  -Trt(O) Imc'1  — 
//j(0)|Mir  The  only  exception  to  this  inequality  occurs  if  Ad  =  0.0,  when  the  three  //j(0)  values  are 
equal. 

As  a  general  rule,  Ir(0)  values  at  some  point  (Ad,  rB)  are  greater  than  the  corresponding 
values  at  the  reflected  point  (-Ad,  r/j).  This  was  observed  for  the  three  operating  points.  This  is 
intriguing,  as  the  gain  is  higher  for  Ao  <  0.0  than  for  Ad  >  0.0.  These  effects  were  not  observed  in 
data  sets  27-29,  due  to  the  gain  symmetry. 

Behavior  of  /^.  Contour  plots  of  //  in  the  (Ad,  r/j)  plane  are  given  in  Figures  C.18-C.25.  Slice 
diagrams  are  shown  in  Figures  C.26-C.34.  At  Ad  =  0.0,  //  =  0.0  at  the  three  operating  points.  The 
asymmetries  due  to  operation  off  linecenter  are  clearly  visible  in  the  plots  from  data  set  36. 

In  all  data  sets,  the  contour  plots  exhibit  a  characteristic  Haired  shape.  In  order  to  avoid  an 
infinite  number  of  contours  about  the  Ad  =  0.0  line,  //  was  set  equal  to  0.05  times  the  smallest 
calculated  value  in  the  plane  instead  of  the  correct  value  of  0.0.  As  a  result,  the  contour  density  is 
artifically  low  about  this  line.  The  contours  for  the  Mil  and  MG1  operating  points  are  the  same  at 
high  rB,  low  Ad  values,  as  expected. 

A  physical  argument  can  be  advanced  to  explain  the  Haired  shape  of  the  contour  plots.  At  some 
high  reflectivity  rBl  the  cavity  losses  are  low  and  the  quality  factor  Q  is  high.  The  linewidth  due 
to  the  cavity  is  relatively  small.  At  a  second,  lower  reflectivity  r'B,  the  losses  are  greater  and  Q  is 


lower.  The  cavity  linewidth  is  correspondingly  broader.  It  should  therefore  be  easier  to  support  a 
field  detuned  by  some  A 5  at  r'D  than  at  r/j.  A  given  injected  intensity  //  should  be  able  to  lock  the 
laser  over  a  broader  range  of  AS  values  at  low  reflectivities  than  at  high  reflectivities.  Consequently, 
the  contour  lines  for  //  should  flair  as  tq  decreases. 

1 1  is  always  largest  at  the  MG2  point  when  Ao  ^  0.0:  ^/|MC2>  —  is 

equal  to  f/|MII  only  when  the  two  points  coincide. 

//|Mn  increases  monotonically  as  rises.  As  r &  increases  and  the  laser  losses  decreases, 
the  free-running  fields  that  can  be  sustained  by  the  laser  rise.  In  order  to  capture  the  gain  from 
the  free-running  field,  the  minimum  injected  intensity  required  to  lock  the  laser  must  undergo  a 
corresponding  increase.  The  //  values  at  the  MG1  point  display  identical  behavior.  In  general, 
similar  behavior  is  exhibited  at  the  MG2  point.  However,  for  very  large  negative  detunings  —  Ao, 
1 1  decrease  then  increase  with  rising  re.  This  is  similar  to  the  behavior  of  Ir(0)  at  the  MG2  point. 

//|mh  also  increases  monotonically  with  |A5|.  In  order  to  force  the  laser  to  operate  away 
from  0,  some  minimum  value  of  injected  intensity  is  required.  As  |AS|  rises  and  the  cavity  becomes 
increasingly  nonresonant,  the  injected  intensity  required  to  capture  the  gain  from  the  free-running 
mode  must  increase.  Similar  behavior  is  observed  with  //I..,,,  and  //|w,,_.  The  monotonic  increases 

'MUl  'MG* 

of  //  with  ti 3  and  |AS|  give  the  contours  the  Haired  shape. 

When  Am  0.0,  the  injected  intensities  are  greater  at  every  point  (AS,  r/j)  than  at  the  corre¬ 
sponding  point  (  — AS,  r/j).  This  occurs  at  all  three  operating  points.  The  medium  gain  is  slightly 
lower  at  positive  AS  values  than  at  negative  detunings.  The  injected  intensity  required  to  capture 
the  gain  from  the  free-running  mode  will  consequently  be  somewhat  higher  at  point  (AS,  tr)  than 
at  (-AS,  rg). 

The  contours  at  the  Mil  point  have  an  important  physical  interpretation.  The  contour  line  for 
some  given  //  represents  the  locus  of  points  at  which  the  laser  is  just  locked.  Two  contours  exist 
in  the  (A5,rij)  plane  for  each  value  of  //.  The  laser  will  lock  to  the  injected  signal  at  every  point 
between  the  two  contours.  The  width  of  the  region  parallel  to  the  AS  axis  defines  the  “locking 
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range”  of  the  laser  for  the  given  injected  signal  strength.  The  locking  range  is  clearly  a  function  of 
the  injected  intensity  and  r jj.  Of  particular  importance  is  that  the  locking  range  broadens  as  the 
reflectivity  r £j  decreases  or  //  increases. 

Behavior  of  G i .  The  Gt  contour  plots  are  given  in  Figures  C.35-C.42.  Slice  plots  through  the 
contours  are  displayed  in  Figures  C.43-C.51.  Once  again,  the  asymmetries  in  the  plots  from  data 
set  36  are  due  to  the  asymmetric  gain  about  the  line  Ao  =  0.0. 

In  all  data  sets,  the  contour  plots  for  the  three  operating  points  have  a  flaired  shape.  On  the  line 
A 6  =  0.0,  the  gain  Gi  is  infinite.  The  actual  contours  approach  the  Ao  =  0.0  line  asymptotically. 
The  contour  density  becomes  infinite  as  Ao  — *  0.0.  In  order  to  avoid  an  infinite  number  of  contour 
lines  in  this  region,  the  G i  values  at  A 6  =  0.0  are  set  equal  to  20.0  times  the  higher  system  gain  at 
the  two  adjacent  Ao  mesh  points.  This  has  three  effects:  the  plotted  contours  cross  the  Ao  =  0.0 
line  instead  of  approaching  it  asymptotically,  the  contour  density  is  reduced  in  the  vicinity  of  the 
asymptote,  and  the  maximum  contour  value  is  finite  instead  of  infinite. 

At  high  1  Ao  1  and  rD  values,  the  system  gain  Gi  is  less  than  1.0.  This  indicates  that  the  injected 
signal  I  in  has  a  greater  magnitude  than  the  total  output  signal  t/)E/{(l)  +rcl/^.  In  these  regions, 
one  of  the  primary  advantages  of  injection  locking  is  lost:  control  of  a  high-power  beam  with  a 
weaker  beam. 

By  definition,  Gi  has  the  highest  value  at  the  MGl  point.  At  low  r/j  values,  Gi  . 

At  intermediate  to  high  reflectivities,  the  inequality  reverses:  Gi|Mr2<  Gi|MI[.  ^ie  re8*on  where 
the  Mil  and  MGl  points  are  the  same,  Gj  |M[I=  Gi 

G i  decreases  monotonically  as  r £j  increases  at  the  three  operating  points.  This  is  due  primarily 

to  the  decreased  transmission  of  mirror  B.  As  the  reflectivity  increases,  //  increases.  Iis  will 

therefore  increase,  but  at  a  faster  rate  than  /;,  as  Iis  =  z — ^  ;  .  In  an  analogy  with  the  free- 

1  -  rD 

running  laser,  at  high  reflectivities  the  outcoupled  fields  decrease  as  tq  rises.  These  factors  cause  the 
numerator  to  decrease  relative  to  the  rapidly  increasing  denominator  in  the  system  gain  definition, 
Eq  (3.30).  As  a  result,  G i  decreases  monotonical  as  ro  approaches  unity. 


G i  is  a  monotonically  decreasing  function  of  |Aoj  at  the  three  operating  points.  From  the 
definition  of  Gy,  this  implies  that  the  ratio  decreases  as  |Ao|  increases.  This  can  be  observed 

in  the  slice  diagrams  for  the  Mil  and  MGl  cases.  For  small  detunings,  this  effect  can  also  be  seen 
in  the  MG2  slice  diagrams.  At  moderately  high  values  of  Ao,  G i  decreases  to  the  order  of  unity.  In 
these  regions,  the  injected  signal  has  approximately  the  same  magnitude  as  the  outcoupled  field. 

In  general,  the  system  gain  is  higher  for  some  point  (-A<3,  r/j)  than  for  the  corresponding  point 
(Ao,  tq).  This  was  observed  at  the  three  operating  points.  The  relative  difference  between  the 
two  values  of  Gy  becomes  more  pronounced  as  the  barecavity  mode  fl  is  increasingly  detuned  from 
linecenter. 

The  Gy  contours  for  the  MGl  operating  point  have  a  useful  physical  interpretation.  A  given 
system  gain  Gy  has  two  associated  contours.  Between  these  contours,  the  maximum  system  gain 
that  can  be  achieved  is  higher.  If  a  given  gain  is  required  for  a  specific  application,  the  laser  must  be 
operated  at  some  point  between  the  two  corresponding  contours.  Notice  that  the  Ao  range  between 
the  contours  widens  as  r/j  decreases.  The  injected  signal  can  be  detuned  over  a  wider  range  and 
still  meet  the  Gi  requirements  at  the  lower  r/j  values  than  at  the  higher  values. 

Behavior  of  Go.  The  G2  contour  plots  are  given  in  Figures  C.52-C.59.  Slice  diagrams  through 
the  contours  are  presented  in  Figures  C.60-C.70.  Although  present,  the  asymmetries  in  the  plots 
from  data  set  36  are  not  as  pronounced  as  in  the  previous  contour  plots. 

The  contours  for  the  Mil  and  MGl  operating  points  are  bowed  outward  from  the  A<3  =  0.0 
line.  The  bulging  is  slightly  more  pronounced  in  the  Mil  contour  plots.  The  MG2  contours  are 
slightly  Haired.  Along  the  line  Ao  =  0.0,  G 2  is  infinite  at  the  three  operating  points.  As  a  result, 
an  infinite  number  of  contour  lines  exist  in  the  neighborhood  of  the  Ao  =  0.0  line.  Similar  to  the  G 1 
contour  plots,  the  G2  values  on  the  Ao  =  0.0  line  are  set  equal  to  20.0  times  the  highest  G2  value 
calculated  elsewhere  in  the  (Ao,  ro)  plane.  This  has  two  main  effects:  the  contours  near  Ao  =  0.0 
are  somewhat  low,  and  the  number  of  contours  in  this  neighborhood  is  reasonable. 
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At  low  tb  values,  the  MGl  and  MG2  contours  virtually  coincide.  At  intermediate  reflectivities, 
the  MGl  contours  bend  inward  toward  the  Ao  =  0.0  line.  At  high  reflectivities,  the  MGl  contours 
overlap  the  Mil  contour  lines.  In  the  region  where  the  Mil  and  MGl  points  are  the  same,  the 
contours  are  identical. 

By  definition,  G2  is  largest  at  the  MG2  point.  As  best  as  can  be  observed  from  the  plots,  G 2  is 
smallest  at  the  Mil  point.  Thus,  <J2|MG2>  ^'2!mii'  Equality  occurs  at  the  Mil  and  MGl 

points  only  when  the  two  operating  points  are  identical. 

G 2  is  a  relatively  weak  function  of  r#.  The  observable  increases  monotonically  with  rjj  at  the 
MG2  point.  The  increases  are  relatively  small;  G2  never  varies  by  more  than  25%  from  the  lowest 
reflectivity  to  the  highest.  This  results  in  relatively  parallel  contours  for  the  MG2  operating  point. 
Plots  of  G 2  vs  r/j  for  fixed  Ao  at  the  Mil  and  MGl  operating  points  are  concave  downward.  The 
curvature  is  more  pronounced  at  low  values  at  the  Mil  point.  At  high  values,  especially  where 
the  Mil  and  MGl  points  are  coincident,  the  curvatures  are  approximately  equal.  This  results  in  the 
bowed  nature  of  the  contour  plots. 

G 2  decreases  monotonically  with  rising  [Ao|  at  the  three  operating  points.  The  decrease  is 
quite  rapid  in  the  vicinity  of  the  Ao  =  0.0  line.  In  the  Mil  and  MGl  cases,  the  circulating  laser 
fields  generally  decrease  whereas  the  injected  intensity  increases  with  rising  |  Ao | .  This  forces  G2 
to  decrease  as  |  Ao |  rises.  The  increase  of  //  is  most  rapid  when  |  Ao |  is  small;  hence  G2  decreases 
most  rapidly  in  the  neighborhood  of  the  Ao  =  0.0  line.  At  the  MG2  operating  point,  the  circulating 
fields  generally  increase  with  increasing  |Ao|.  Near  the  Ao  =  0.0  line,  the  laser  fields  increase  at  a 
much  slower  rate  than  the  injected  field,  leading  to  the  rapid  decrease  of  G^.  At  high  |Ao|  values, 
the  increase  in  the  circulating  fields  is  still  less  rapid  than  that  of  //.  Thus,  G2  is  a  monotonically 
decreasing  function  of  |Ao|  at  this  operating  point.  At  relatively  high  detunings  of  the  injected 
signal,  G2  is  on  the  order  of  unity  at  the  three  operating  points.  This  implies  that  //  is  of  the  same 
order  as  the  circulating  fields  inside  the  laser. 
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When  Am  ^  0.0,  the  asymmetry  of  the  gain  profile  forces  G2  to  have  different  values  on  opposite 
sides  of  the  Ao  =  0.0  line.  At  the  Mil  and  MGl  points,  G 2  is  larger  at  some  point  (Ao,  r#)  than 
at  the  corresponding  location  (— Ao,  rg)  if  ro  is  low.  At  high  reflectivities,  the  opposite  is  true. 
At  the  MG2  point,  G 2  is  always  greater  at  the  point  (Ao,  ro)  than  at  (  —  Ao,  ro),  regardless  of  the 
outcoupling. 

Comparisons  to  the  Spencer-Lamb  Model.  A  series  of  comparisons  of  the  TWL  and  Spencer- 
Lamb  models  was  performed.  The  laser  parameters  were  taken  from  data  set  27.  r#  and  Ao  values 
were  elements  of  the  sets: 

rD  e  (0.75,  0.80,  0.85,  0.90,  0.95,  0.9999)  (7.8a) 

Ao  €  (0.0,  ±0.005,  ±0.01, . . . ,  ±0.Uo)  (7.8b) 

and  4>td  in  the  TWL  model  were  set  equal  to  the  corresponding  values  4>rd  and  4>td  from 
the  dielectric  bump.  The  phases  were  calculated  from  Eq  (A. 6).  For  all  of  the  reflectivity  values, 
the  cubic  curves  exhibited  the  s-shape.  The  four  observables  from  each  model  (4r(0)  and  /„,  //, 
Gi,  and  G 2)  were  compared  at  the  Mil  point. 

A  serious  shortcoming  of  the  Spencer-Lamb  model  noted  in  Chapter  IV  is  that  the  2kL  term  (1?) 
in  Eq  (3.27)  is  not  accounted  for.  Regardless  of  the  value  of  Ao,  the  standing  wave  approximation 
in  the  Spencer-Lamb  model  forces  this  term  to  equal  0.0.  The  effects  of  ignoring  this  phase  term 
can  be  significant,  as  shown  in  Figure  7.18.  The  first  figure  is  a  plot  of  the  two  cubic  curves  with  $ 
calculated  according  to  Eq  (3.27b)  for  the  TWL  model.  The  curves  differ  dramatically.  The  second 
plot  displays  the  two  cubic  curves  for  the  same  case,  but  with  0  forcibly  set  equal  to  0.0  in  the  TWL 
model.  The  two  curves  have  reasonably  close  shapes.  Neglect  of  the  t?  term  is  clearly  a  serious  flaw 
of  the  Spencer-Lamb  model.  It  results  in  an  extremely  rapid  breakdown  of  the  Spencer-Lamb  model 
as  |Ao|  increases  from  0.0.  In  order  to  facilitate  the  comparisons  of  the  two  models,  1?  was  set  equal 
to  0.0  in  the  TWL  model. 

A  second  major  difference  between  the  two  models  is  that  the  formula  for  i>  for  the  Spencer- 
Lamb  model,  Eq  (4.44),  does  not  apply  to  the  TWL  model.  This  is  true  even  if  r#  =  Tp  and 
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Figure  7.19.  Percentage  differences  in  Ir(0)  and  /„,  TWL  and  Spencer-Lamb  models.  Note  that 
the  differences  increase  as  rp  decreases.  Effects  of  varying  |Ao|  are  not  clear.  The 
parameters  are  from  data  set  27. 

tp  =  to-  Eq  (4.44)  was  used  with  the  TWL  model  for  the  sake  of  comparison.  Examination  of  the 
data  from  the  TWL  model  show  the  formula  to  be  incorrect:  for  Ao  =■  0.0,  7/  is  equal  to  some 

small,  nonzero  value.  Plots  of  7/  vs  Ao  go  to  zero  at  some  small  Ao  /  0.0.  Similarly,  plots  of  Gi 
and  Gi  vs  Ao  become  infinite  at  small,  nonzero  values  of  Ao.  This  complicates  the  comparisons  of 
the  two  models.  In  the  vicinity  of  Ao  =  0.0,  the  values  of  7; ,  G],  and  G?  are  significantly  different 
between  the  two  models. 

Direct  comparisons  of  the  cubic  curves  of  the  models  show  that  the  Spencer-Lamb  theory 
breaks  down  as  rp  decreases.  The  breakdown  is  due  to  the  decreasing  validity  of  the  standing- 
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wave  approximation  in  the  Spencer-Lamb  model.  For  tq  =  0.9999,  the  cubic  curves  of  the  two 
models  overlap  almost  exactly.  For  ra  <  0.90,  significant  differences  in  the  cubic  curves  exist.  The 
percentage  difference  between  Ir(0)  and  /„  at  the  Mil  point  increase  as  r a  decreases.  This  is  shown 
in  Figure  7.19.  The  differences  become  significant  for  rjj  <  0.90,  especially  at  high  A5  values. 
Because  of  the  problems  mentioned  in  the  previous  paragraph,  comparisons  of  //,  Glt  and  G2  are 
of  almost  no  value. 

No  conclusions  can  be  drawn  about  the  validity  of  the  Spencer-Lamb  model  as  A 5  varies.  This 
is  due  to  the  frequency  problem  discussed  above.  If  At  had  been  properly  calculated  for  the  TWL 
model,  it  is  likely  that  the  Spencer-Lamb  model  would  have  broken  down  as  |  A<3 [  increases.  This 
conjecture  is  based  upon  the  small  angle  approximations  used  to  obtain  the  injection  source  terms 
in  the  model. 

Comparisons  to  the  Chow  Model.  A  similar  series  of  comparisons  between  the  TWL  and  Chow 
models  were  performed.  The  laser  parameters  were  taken  from  data  set  27.  tq  and  Ad  were  elements 
of  the  sets  listed  in  Eq  (7.8).  <$>rd  —  7r  and  4>td  —  As  with  the  Spencer-Lamb  model,  d  -  0.0  in 
all  calculations  with  the  TWL  model,  regardless  of  the  value  of  Ad.  Without  this  approximation,  the 
cubic  curves  differed  dramatically  between  the  TWL  and  Chow  models.  Consequently,  the  Chow 
model  has  the  same  serious  flaw  due  to  the  standing  wave  approximation  as  the  Spencer-Lamb 
model.  This  causes  the  Chow  model  to  break  down  extremely  rapidly  as  ( Ao (  increases. 

Over  the  parameter  space  explored,  the  cubic  curves  for  both  models  retain  the  s-shape.  Con¬ 
sequently,  comparisons  of  the  observables  were  made  at  the  Mil  point.  The  free-running  frequencies 
for  the  TWL  and  Chow  models  were  identical,  so  comparisons  of  //  and  G?  were  possible.  No 
comparisons  of  Gi  were  performed. 

F’lots  of  the  percentage  differences  for  the  three  observables  are  given  in  Figure  7.20.  As 
decreases,  the  differences  in  f/?(0)  and  I„  and  //  grow,  indicating  the  breakdown  of  the  standing 
wave  approximation  inherent  in  the  Chow  model.  This  breakdown  is  not  observed  in  the  G2  plot. 
Also  apparent  is  that  the  percentage  differences  increase  for  all  three  observables  as  |  Aol  increases. 
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Figure  7.20,  con’t. 

This  is  due  failure  of  the  small  angle  approximation  used  to  derive  the  injection  source  terms  in 
the  Chow  model.  The  Mil  point  in  the  Chow  model  thus  shifts  away  from  that  in  the  TWL  model 
as  (Ao,  r/3 )  departs  from  (0.0,  1.0).  Based  upon  the  plots,  the  Chow  model  should  not  be  used  if 
r#  <  0.90. 

Comparisons  of  the  cubic  curves  reveal  the  same  breakdowns.  At  high  rtt)  low  A‘  values, 
the  cubic  curves  are  nearly  overlapping.  For  (Ao,  rp)  —  (0.0,0.9999),  the  two  cubic  curves  are 
indistinguishable.  However,  as  ro  decreases  or  [Ao[  rises,  the  curves  depart  from  one  another 
When  td  =  0.75,  the  curves  are  significantly  different. 

Locking  Range  Comparisons.  The  locking  range  is  an  often-used  figure  of  merit  for  coupled 
lasers,  including  injection-locked  devices.  The  broadest  locking  ranges  possible  are  usually  desired 
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Figure  7.21.  Half-locking  range  comparisons  between  the  TWL  and  Spencer-Lamb  models.  The 
laser  parameters  are  from  data  set  27. 

from  a  coupled  laser  system.  As  noted  in  previous  paragraphs,  the  locking  range  is  the  range 
of  detunings  A 6  over  which  the  slave  laser  remains  locked  in  phase  and  frequency  to  the  master 
oscillator  for  some  fixed  injected  intensity  7/.  The  contour  plots  of  7/  were  seen  to  contain  locking 
range  information. 

Figure  7.21  is  a  comparison  of  the  locking  ranges  as  functions  of  7/  with  rp  as  a  parameter  fi  r 
the  TWL  and  Spencer-Lamb  models.  The  laser  parameters  are  from  data  set  27.  The  2k  L  term 
in  the  mirror  B  boundary  condition  of  the  TWL  model  was  set  equal  to  0.0  in  order  facilitate  the 
comparisons.  Due  to  the  frequency  shifting  effects  of  the  dielectric  bump,  plots  of  //  vs  A  *  are 
not  symmetric  about  Ao  =  0.0.  As  a  result,  only  tne  half-locking  range  is  plotted.  This  range  is 


defined  as  the  maximum  positive  Ao  value  of  detuning  that  can  occur  before  locking  is  lost  for  some 
fixed  /;.  (A  similar  half-locking  range  for  negative  detunings  can  also  be  defined.)  For  To  =  0.9909, 
the  locking  ranges  are  virtually  indistinguishable.  As  the  reflectivity  decreases,  the  locking  ranges 
start  to  differ  between  the  two  models.  For  rD  =  0.75,  the  ranges  are  significantly  different.  The 
difference  is  due  to  the  breakdown  of  the  standing  wave  approximation  inherent  in  the  Spencer-Lamb 
model. 

Comparisons  of  the  full  locking  ranges  from  the  TWL  and  Chow  models  are  presented  in  Fig¬ 
ure  7.22.  The  laser  parameters  are  from  data  set  27.  2 kL  was  once  again  set  equal  to  0.0  to  facilitate 
the  comparisons.  The  full  locking  range  is  the  difference  between  the  maximum  positive  and  negative 
detunings  Ao  over  which  the  slave  oscillator  remains  locked  to  a  injected  signal.  When  ro  is  very 
high,  the  locking  ranges  from  the  two  models  are  almost  identical.  As  the  reflectivity  of  mirror  B 
decreases,  the  locking  ranges  become  significantly  different.  The  difference  once  again  arises  because 
of  the  breakdown  of  the  standing  wave  approximation  used  in  the  Chow  model. 

Summary 

The  results  of  the  numerical  studies  of  the  TWL  model  were  presented.  The  cubic  curves 
were  discussed;  comparisons  were  made  to  the  curves  from  the  Spencer-Lamb,  Chow,  and  Ferguson 
models.  Time-dependent  results  for  both  free-running  and  injected  lasers  were  given.  The  free- 
running  laser  at  steady-state  was  explored;  comparisons  to  the  simple  saturable  gain,  Agrawal- 
Lax,  Lamb,  and  Spencer-Lamb  models  were  made.  The  steady-state  injected  laser  results  were 
discussed  extensively.  Comparisons  to  the  Spencer-Lamb  and  Chow  models  with  injected  signals 


were  performed. 


VIII.  TWURL  Model  Numerical  Results 

The  PBCUR  laser  was  studied  extensively  through  numerical  simulations.  Both  free-running 
and  injected  lasers  were  modeled.  Only  steady-state  analyses  were  performed,  due  to  the  numerical 
stability  and  cost  problems  experienced  with  the  time-dependent  analyses  of  the  TWL  model.  The 
results  of  the  simulations  were  virtually  identical  to  those  of  the  TWL  model,  with  only  a  few  minor 
differences. 

This  chapter  examines  the  results  of  the  numerical  studies  of  the  TWURL  model.  The  first 
section  lists  the  data  sets  that  were  used.  The  cubic  curves  are  discussed  next.  The  free-running 
laser  results  are  presented  in  the  third  section.  The  injected  laser  is  examined  in  the  final  section. 
Comparisons  to  the  TWL  and  simple  saturable  gain  models  are  made  throughout  the  chapter. 

Data  Sets 

The  three  generic  lasers  modeled  in  Chapter  VII  are  employed  in  the  TWURL  numerical  stud¬ 
ies.  The  twelve  data  sets  examined  in  Chapter  VII  are  used  in  the  following  analyses.  The  laser 
parameters  are  listed  in  Table  V.  The  resonator  magnification  is  assumed  to  be  variable.  Mirrors  A 
and  B  are  perfectly  reflective: 

rA  =rD  =  e'n 

The  mirrors  are  two-dimensional  and  square.  As  a  result,  Eft  is  an  expanding  spherical  wave 
(a  =  1).  The  gain  medium  completely  fills  the  region  between  the  two  mirrors: 

Lg  =  1.0 

The  gain  medium  extends  sufficiently  in  the  transverse  directions  so  that  it  is  not  a  limiting  aperture. 

An  inverse  relationship  exists  between  M  (TWURL  model)  and  (TWL  model).  This  can 
be  observed  in  the  threshold  formula;,  Eqs  (4.17c)  and  (G.8b).  The  laser  losses  increase  as  rg  or 
decrease.  As  a  result,  almost  all  of  the  phenomena  associated  with  increasing  (decreasing)  r £j  in  the 
TWL  model  are  observed  by  decreasing  (increasing)  M  in  the  TWURL  model. 
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TABLE  V 

PBCUR  Laser  Numerical  Studies:  Laser  Parameters! 


Data 

Set 

?i 

h 

*3 

Am 

Wa  o 

A'L 

15 

6.05 

21.04145 

1.3 

0.567 

0.0 

11.93 

1.9990 

16 

6.05 

36.54837 

1.3 

0.54722 

0.0 

20.00 

2.0000 

17 

6.05 

21.04145 

1.3 

1.0872 

0.0 

22.88 

3.9998 

18 

6.05 

21.04145 

1.3 

0.567 

0.03 

11.92 

1.9976 

19 

6.05 

36.54837 

1.3 

0.54722 

0.03 

19.98 

1.9987 

20 

6.05 

21.04145 

1.3 

1.0872 

0.03 

22.86 

3.9945 

21 

6.05 

21.04145 

1.3 

0.567 

0.15 

11.67 

1.9660 

22 

6.05 

36.54837 

1.3 

0.54722 

0.15 

19.56 

1.9681 

23 

6.05 

21.04145 

1.3 

1.0872 

0.15 

22.37 

3.8742 

24 

6.05 

21.04145 

1.3 

0.567 

0.375 

10.46 

1.8211 

25 

6.05 

36.54837 

1.3 

0.54722 

0.375 

17.53 

1.8279 

26 

6.05 

21.04145 

1.3 

1.0872 

0.375 

20.06 

3.3452 

fNote:  jo/c*o  and  M\th  are  calculated  at  Am,  not  at  the  more  correct  value  of  At.  Consequently, 
the  tabulated  g»/ c*o  and  A/|th  values  are  slightly  lower  than  the  actual  values. 
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Figure  8.1.  A  sample  cubic  curve.  M  =  1.33,  A o  =  0.008.  All  other  parameters  are  taken  from 
data  set  15. 

The  Cubic  Curves 

Cubic  curves  can  be  generated  for  the  TWURL  model  as  well  as  the  TWL  model.  A  curve  can 
be  plotted  for  Ir{z)  or  /l(z)  at  any  axial  location  z  =  t.  For  consistency  with  the  TWL  model,  the 
only  cubic  curves  examined  were  plots  of  Ir[ 0)  vs  //.  A  sample  cubic  curve  is  shown  in  Figure  8.1. 
Note  that  it  is  quite  similar  in  shape  to  the  curve  in  Figure  7.1. 

The  TWURL  model  cubic  curves  behave  in  the  same  manner  as  the  TWL  model  cubic  curves. 
At  low  values  of  |Ao|,  the  curves  display  an  s-shaped  section.  As  |Ao|  rises,  the  s-shaped  section 
narrows  and  shifts  outward  along  the  //  axis.  At  some  value  of  |±Aomal],  turning  points  B  and  C 
merge  into  a  single  point  with  infinite  slope.  Above  |±Aomoj.|,  the  cubic  curves  are  monotonically 


increasing  functions  of  //.  The  trajectories  of  turning  point  C  in  the  //? (0) - //  plane  as  functions 
of  A o  are  similar  in  the  two  models.  The  curves  were  not  examined  for  the  anomalous  behavior 


noted  in  the  Ferguson  model. 

The  TWL  model  cubic  curves  yielded  considerable  insight  into  the  stability  and  locking  prop¬ 
erties  of  the  injected  Fabry-Perot  laser.  Time-dependent  stability  and  locking  analyses  of  the 
TWURL  model  with  injected  fields  were  not  performed.  Nothing  can  therefore  be  explicitly  stated 
about  the  stability  or  locking  properties  of  the  PBCUR  laser  in  the  context  of  the  cubic  curves. 
However,  based  on  the  heuristic  arguments  presented  in  Chapter  VII  and  the  similar  behavior  of  the 
TWL  and  TWURL  cubic  curves,  the  Spencer-Lamb  stability  and  locking  criteria  were  used  in  the 
analyses  of  the  TWURL  model.  Clearly,  stability  conditions  derived  from  the  TWURL  equations 
are  required.  However,  no  attempt  was  made  to  analytically  obtain  stability  conditions  due  to  the 
failure  of  the  derivation  for  the  TWL  model. 


Steady-State  Behavior:  Free-Running  Lasers 

A  detailed  examination  of  the  free-running  laser  at  steady-state  was  performed.  Comparisons 
of  the  TWURL  and  simple  saturable  gain  models  were  made.  A  formula  for  the  free-running 
frequency  u  was  obtained  empirically.  The  comparisons  and  the  frequency  formula  are  discussed 
below. 

The  Simple  Saturable  Gain  and  TWURL  Models.  The  simple  saturable  gain  and  TWURL 
models  were  compared  for  the  twelve  data  sets  listed  in  Table  V.  The  threshold  behavior,  //j(0), 
Pout  1  and  rji,  were  examined.  In  general,  the  results  were  identical  to  those  from  the  TWL-simple 
saturable  gain  model  comparisons. 

Eq  (6.8b)  was  numerically  verified  to  be  the  threshold  expression.  A  slightly  expanded  version 
of  the  formula,  allowing  for  variable  mirror  reflectivities,  was  also  verified  numerically.  The  expanded 
equation  is: 


Ma 


=  exp 


(8.1) 


The  output  power  P,,„t  is  somewhat  different  for  the  PBCUR  laser  than  for  the  Fabry-Perot 
device.  Since  Inp  varies  across  the  output  aperture,  the  geometrical  output  power  must  be  obtained 
via  integration  (see  Eq  (5.27)).  P„ut  for  the  Fabry-Perot  laser  is  simply  given  by: 

>ut  Amt  ‘Tip  (Fabry-Perot  laser)  (8.2) 

where  A,lp  is  the  output  aperture  area.  Nonetheless,  the  observations  from  Chapter  VII  apply  to  the 
PBCUR  case.  The  simple  saturable  gain  model  yields  higher  output  powers,  as  spatial  holeburning 
is  not  incorporated  in  the  model  (Figure  8.2).  The  differences  in  output  power  can  be  significant: 
25-30%  differences  were  commonly  observed.  The  output  power  is  a  peaked  function  of  M .  The 
peak  P,„tt  value  occurs  at  a  lower  magnification  in  the  TWURL  model  than  in  the  simple  saturable 
gain  model.  This  has  relevance  in  laser  design — optimizing  a  laser  with  respect  to  output  power 
requires  a  lower  magnification  than  that  calculated  with  the  simple  saturable  gain  model.  The 
output  powers  decrease  as  |At|  rises  in  both  models,  as  the  unsaturated  gain  decreases.  The  above 
observations  are  similar  to  those  noted  by  Agrawal  and  Lax  (142,  143). 

The  extraction  efficiency  r) i  is  also  a  peaked  function  of  M .  Plots  of  ru,  vs  M  for  the  TWURL 
and  simple  saturable  gain  models  are  shown  in  Figure  8.3.  The  peak  efficiency  occurs  at  a  slightly 
lower  value  of  M  in  the  TWURL  model  than  in  the  simple  saturable  gain  model.  The  efficiencies  for 
the  simple  saturable  gain  model  are  always  higher  than  those  for  the  TWURL  model,  due  again  to 
spatial  holeburning  effects.  The  differences  are  typically  on  the  order  of  25%.  This  has  two  impacts 
on  laser  design.  First,  if  the  laser  is  designed  to  operate  at  the  peak  efficiency,  the  magnification 
will  be  slightly  lower  than  that  calculated  with  the  simple  saturable  gain  model.  Second,  if  the  laser 
is  required  to  operate  above  some  given  minimum  efficiency,  the  range  of  magnification  values  that 
yield  the  required  is  smaller  than  that  calculated  with  the  simple  saturable  gain  model. 

The  Steady-State  Lasing  Frequency.  As  with  the  TWL  model,  the  TWURL  equations  of  motion 
cannot  be  solved  for  the  steady-state  free-running  frequency  v.  The  methods  of  Appendix  B  can  be 
used  to  calculate  0,  however. 
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The  free-running  frequency  was  calculated  at  over  3000  operating  points,  using  a  variety  of 
mirror  reflectivities,  magnifications,  gain  lengths,  and  bare  cavity  frequencies.  Both  strip  and  three- 
dimensional  mirrors  were  employed.  The  twelve  data  sets  listed  in  Table  V  were  used  as  the  basis 
set.  The  calculated  frequencies  were  compared  to  a  modified  version  of  the  Lamb  model  frequency 
formula,  Eq  (4.34a).  In  all  cases,  the  numerically  calculated  frequencies  agreed  with  Eq  (4.34a)  to 
within  the  error  given  in  Eq  (B.15).  The  modified  Lamb  model  formula  can  be  inferred  to  be  the 
proper  frequency  equation: 
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II 

1 


Eq  (8.3)  has  the  same  interpretation  as  its  counterpart  for  the  Fabry-Perot  laser,  Eq  (7.5).  0 

is  pulled  toward  linecenter,  but  still  remains  under  the  bare  cavity  resonance  curve.  If  the  cavity 
losses  increase,  then  the  width  of  the  bare  cavity  resonance  increases.  0  is  consequently  pulled 
closer  toward  linecenter.  The  opposite  effect  occurs  if  the  cavity  losses  are  decreased:  i>  is  shifted 
away  from  linecenter  and  toward  Cl.  In  all  cases,  0  lies  between  Cl  and  linecenter.  The  longitudinal 
mode  separation  in  the  presence  of  medium  and  resonator  losses  is  reduced  from  the  barecavity 
mode  separation  by  the  constant  factor: 


1 


Steady-State  Behavior:  Injected  Lasers 

The  majority  of  the  calculations  performed  were  steady-state  simulations  of  injected  lasers. 
Since  there  is  no  system  gain  equivalent  to  G j,  only  Ir(0),  //,  and  G2  were  calculated.  The 

observables  were  computed  at  the  Mil  and  MG2  points.  The  parameter  space  explored  was  the 
(do,  M)  plane,  analogous  to  the  (Ao,  r#)  plane  examined  with  the  TWL  model.  Two  series  of  runs 
were  performed.  The  first  was  in  the  region  of  the  (Ao,  M)  plane  where  the  cubic  curves  retain 
the  s-shape.  The  three  observables  were  calculated  at  the  Mil  and  MG2  points  in  this  region.  The 
second  series  of  runs  explored  as  large  a  region  in  the  (A o,M)  plane  as  possible,  subject  to  the 
constraints  that  1.0  <  M  <  M |  h  and  —0.1  <  Ao  <  0.1.  The  observables  were  computed  at  the 
MG 2  point  in  the  second  series. 

As  with  the  TWL  model,  the  calculations  required  the  implicit  assumption  that  the  MG2  point 
always  lies  on  a  locked  and  stable  section  of  the  cubic  curves.  In  the  first  run  series,  the  MG2 
point  lay  on  branch  I  of  the  cubic  curves  for  all  points  examined.  Because  of  the  similar  behavior 
of  the  TWL  and  TWURL  models,  the  MG2  point  was  therefore  assumed  to  be  a  locked  and  stable 
operating  point. 
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The  observables  were  originally  calculated  with  the  approximate  formula  for  $,  Eq  (3.27a). 
After  the  completion  of  the  analyses,  the  correct  formula  for  t?  was  derived  using  Eq  (8.3c).  Data 
sets  17  and  26  were  determined  to  be  affected  the  most  by  the  approximation.  The  analyses  were 
repeated  for  these  two  sets  using  the  exact  expression  for  i?.  The  impact  of  the  approximation  was 
observed  to  be  negligible.  The  contour  levels  and  the  exact  values  of  the  observables  shifted  slightly. 
However,  the  overall  shapes  and  behavior  of  the  contour  and  slice  plots  remained  unchanged. 

The  observables  behaved  in  identical  manners  as  their  TWL  model  counterparts  in  the  twelve 
data  sets.  The  contour  and  slice  plots  had  the  same  basic  characteristics  in  the  two  laser  models. 
The  shapes  of  the  curves  varied  only  slightly,  and  any  differences  were  minor  and  isolated.  The 
interpretations  of  the  locking  physics  for  the  PBCUR  laser  are  consequently  the  same  as  for  the 
Fabry-Perot  laser. 

Summary 

Detailed  analyses  of  the  TWURL  were  performed  at  steady-state.  Both  free-running  and  in¬ 
jected  lasers  were  examined.  In  general,  the  TWURL  model  behaved  in  the  same  manner  as  the 
TWL  model.  Only  in  isolated,  individual  circumstances  did  the  two  models  differ  in  their  behavior. 
The  general  conclusions  in  Chapter  VII  can  therefore  be  applied  to  the  TWURL  model. 
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IX.  Summary  and  Recommendations 

Many  theoretical  and  numerical  results  were  presented  in  the  previous  chapters.  Several  design 
guidelines  for  free-running  and  injected  lasers  emerged  from  this  research.  The  main  results  and 
design  guidelines  are  summarized  in  this  chapter. 

The  first  section  briefly  lists  the  main  results  of  the  numerical  studies.  Both  free-running  and 
injected  lasers  are  discussed.  Several  general  rules  for  the  design  of  free-running  and  injected  lasers 
are  described  in  the  second  section.  A  simplified  coupled  laser-phased  array  system  is  presented. 
Four  follow-on  research  topics  are  recommended  in  the  final  section. 

Results  Summary 

The  principle  results  of  this  research  are  outlined  in  the  following  paragraphs. 

1.  Steady-state  analyses,  free-running  lasers. 

(a)  The  simple  saturable  gain  models  predict  higher  intensities  than  the  TWL  or  TWURL 
models.  This  is  due  to  the  lack  of  spatial  hoieburning  effects  in  the  simple  saturable  gain 
models.  Except  when  td  «  1.0,  lower  values  of  are  calculated  with  the  SWL,  SLl,  and 
SL2  models  than  with  the  TWL  model. 

(b)  Pout  peaks  at  higher  outcouplings  in  the  simple  saturable  gain  models  than  in  the  TWL 
or  TWURL  models.  The  peak  occurs  at  lower  outcouplings  in  the  SWL,  SLl,  and  SL2 
models  than  in  the  TWL  model. 

(c)  The  extraction  efficiencies  calculated  with  the  simple  saturable  gain  models  are  higher  than 
those  produced  by  the  TWL  or  TWURL  models.  Except  when  r^j  ss  1.0,  the  extraction 
efficiencies  calculated  with  the  SWL,  SLl,  and  SL2  models  are  lower  than  those  calculated 
with  the  TWL  model. 

(d)  The  extraction  efficiency  peaks  at  higher  outcouplings  in  the  simple  saturable  gain  model 
than  in  the  TWL  or  TWURL  models.  The  peak  occurs  at  lower  outcouplings  in  the  SWL, 
SLl,  and  SL2  models  than  in  the  TWL  model. 
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(e)  The  TWL  and  TWURL  models  reduce  to  the  simple  saturable  gain  models  near  the  lasing 
threshold. 

(f)  The  TWL  model  reduces  to  the  Lamb  model  when  rD  «  1.0. 

(g)  The  simple  saturable  gain,  TWL  (TWURL),  and  Lamb  models  have  the  same  threshold 
outcoupling  values. 

(h)  The  frequency  formula  for  the  TWL  and  TWURL  models  is  the  same  as  that  for  the 
Lamb  model.  The  frequency  pulling  depends  only  on  the  cavity  resonance  width.  The 
longitudinal  mode  spacing  in  the  presence  of  gain  is  independent  of  frequency  and  less 
than  the  barecavity  longitudinal  mode  spacing. 

2.  Time-dependent  analyses,  injected  lasers. 

(a)  The  minimum  injected  intensity  7/  required  for  locking  is  that  corresponding  to  turning 
point  C  on  the  cubic  curves.  For  injected  intensities  greater  than  this  value,  the  la.  r  locks 
to  branch  I  of  the  cubic  curves. 

(b)  If  7/  is  less  than  the  minimum  required  to  lock,  the  free-running  laser  field  will  beat  against 
the  injected  signal.  Amplitude  and  frequency  modulation  of  the  laser  fields  occur. 

(c)  When  unlocked,  the  period  of  the  beat  note  of  the  laser  field  depends  primarily  on  the 
strength  of  7/.  As  7/  increases,  the  period  of  the  note  lengthens. 

(d)  The  modulation  depth  of  the  beat  note  depends  only  slightly  on  7/. 

3.  Steady-state  analyses,  injected  lasers. 

(a)  In  general,  the  injected  Fabry-Perot  and  PBCUR  lasers  behave  in  similar  manners. 

(b)  The  locking  range  can  be  defined  as  the  range  of  detunings  Ao  over  which  the  laser  remains 
locked  for  fixed  7/.  The  7/  contour  plots  for  the  Mil  point  are  essentially  plots  of  the  locking 
ranges. 

(c)  The  locking  range  increases  as  the  outcoupling  increases  for  fixed  7/. 

(d)  For  a  fixed  detuning  Ao,  the  minimum  injected  intensity  required  to  lock  the  laser  increases 
as  the  outcoupling  decreases. 
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(e)  Generally,  Ir(0)  increases  as  the  outcoupling  decreases  for  fixed  Ad  at  the  three  operating 
points.  An  exception  occurs  at  the  MG2  point  if  Ad  is  large  and  negative.  In  these  cases, 
Ir(0)  first  decreases  then  increases  as  the  outcoupling  decreases. 

(f)  Plots  of  Ir  (0)  vs  Ad  are  concave  upward  at  the  MG2  point  and  concave  downward  at  the 
Mil  and  MG1  points. 

(g)  The  range  of  Ad  values  over  which  a  specific  system  gain  Gj  can  be  achieved  ncreases  as 
the  outcoupling  increases. 

(h)  Gains  C i  and  Go  decrease  as  the  detuning  |Ao|  increases  at  the  three  operating  points. 

(i)  The  MG2  point  always  lies  on  a  locked  and  stable  section  of  the  cubic  curves.  At  high  rg 
and  low  |Ad|  values,  the  global  MGl  point  lies  on  an  unstable  branch  of  the  cubic  curves. 
Elsewhere,  the  MGl  point  lies  on  a  locked  and  stable  section  of  the  cubic  curves.  By 
definition,  the  Mil  point  always  lies  at  the  edge  of  the  locked  region. 

Design  Guidelines 

Several  general  guidelines  for  laser  design  can  be  drawn  from  the  results  of  the  numerical  studies. 
The  guidelines  are  discussed  below,  along  with  a  proposed  design  for  a  coupled  laser-phased  array 
device  based  on  injected  lasers. 

The  simple  saturable  gain  models  are  frequently  used  to  design  free-running  lasers.  The  m  >de'.- 
are  used  to  calculate  the  outcouplings  required  for  peak  output  power  and  extraction  eft,  ■  i.  . 
However,  as  noted  in  Chapters  VII  and  VIII,  the  actual  outcouplings  at  which  /’  • 

are  shifted  slightly  from  the  values  obtained  with  the  simple  saturable  gam  n. 
or  TWURL  models  should  be  used  to  calculate  the  required  out  "'ij  !i 
output  power  or  efficiency  is  required  from  the  laser  The  -iiupb 
erroneously  wide  range  of  outcouplings  over  whi<  h  the  -p.  •  ■ 

TWL  or  TWURL  models  should  be  used  t..  .  ,1,  ..In- 
the  fields,  powers,  and  elfii  ieiK  ies  i  ab  u l  it  ■  1  >»  '  r. 


to  spatial  holeburning  effects.  The  TWL  or  TWURL  models  should  be  used  to  more  accurately 
predict  the  performance  of  the  laser. 
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A  figure  of  merit  for  an  injected  laser  is  the  locking  range.  Generally,  a  broad  locking  range  is 
desired.  This  allows  greater  tolerance  to  variations  in  A 6  induced  by  mechanical  vibrations,  gain 
medium  inhomogeneities,  amplified  spontaneous  emission,  etc.  Since  the  locking  range  broadens  as 
the  outcoupling  increases,  an  injected  laser  should  be  designed  with  as  large  an  outcoupling  as  is 
consistent  with  energy  extraction  considerations.  The  Ij  contours  for  the  Mil  point  can  be  used  to 
determine  the  locking  ranges.  The  injected  laser  should  never  be  designed  to  operate  at  the  Mil 
point,  as  any  perturbations  have  the  potential  to  break  the  lock. 

A  second  figure  of  merit  for  injected  lasers  is  the  range  of  Ad  values  over  which  a  given  system 
gain  Gj  can  be  attained.  This  range  can  be  obtained  directly  from  the  G i  contour  plots  for  the 
MGl  point.  The  range  broadens  as  the  outcoupling  increases.  Again,  the  laser  should  be  designed 
to  have  as  broad  a  range  as  possible,  consistent  with  the  energy  extraction  requirements.  Broader 
ranges  provide  greater  tolerances  to  fluctuations  of  Ad.  This  requires  designing  the  slave  oscillator 
to  have  as  large  an  outcoupling  as  possible. 

Examination  of  the  boundary  conditions  for  mirror  B  (Eqs  (3.28)  and  (5.37c))  shows  that 
the  absolute  phases  of  Ey?,  Ey,,  and  E„ut  can  be  controlled  by  varying  the  phase  of  E yyy.  This 
observation  can  be  used  to  advantage  in  the  design  of  a  coupled  laser-phased  array  system.  An 
example  of  a  system  is  depicted  in  Figure  9.1.  Fine  piston  tuning  (ph^ing)  can  be  achieved  with  the 
nonlinear  optical  (NLO)  media  in  the  injected  beam  trains  (157).  If  the  nonlinear  material  exhibits 
the  linear  electrooptic  effect,  the  index  of  refraction  of  the  material  can  be  changed  by  varying 
an  applied  electric  field  (146:  Chapter  9).  This  will  force  variations  in  the  absolute  phases  of  the 
injected  signals  applied  to  the  slave  oscillators.  In  this  manner,  fine  piston  tuning  can  be  achieved 
in  the  low  power  injected  beam  trains  without  mechanical  devices  (optical  trombones).  To  some 
degree,  injected  pathlength  equalization  can  be  accomplished  with  the  nonlinear  material.  With  a 
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properly  designed  system,  only  the  gross  external  pathlength  differences  would  require  equalization 
with  optical  trombones.  This  function  could  be  performed  by  the  phased  array. 


Suggested  Follow-on  Research  Topics 

Several  research  topics  follow  naturally  from  this  work.  The  following  suggestions  are  not  meant 
to  an  all-inclusive  list,  but  rather  a  starting  point  for  future  efforts. 

Locking  Criteria.  As  noted  in  Chapter  VII,  an  attempt  was  made  to  derive  the  locking  and 
stability  criteria  for  the  Fabry-Perot  laser.  A  perturbative  approach  similar  to  that  used  by  Spencer 
and  Lamb  was  employed.  The  attempt  clearly  failed.  No  effort  was  made  to  derive  locking  and 
stability  expressions  for  the  PBCUR  laser. 

A  definite  requirement  for  the  criteria  exists.  Other  approaches,  such  as  that  employed  by 
Walsh  for  coupled  lasers  (19),  might  be  utilized.  Until  the  locking  and  stability  criteria  are  known, 
the  true  Mil  point  can  only  be  determined  from  time-dependent  analyses.  This  is  undesirable  due 
to  the  stability  problems  encountered  with  the  time-dependent  codes. 

Inhomogeneouslv  Broadened  Lasers.  The  laser  models  developed  in  this  project  apply  to  ho¬ 
mogeneously  broadened  media.  An  extension  of  the  TWL  and  TWURL  models  to  inhomogeneously 
broadened  lasers  should  be  straightforward.  Brown’s  methodology  could  be  employed:  the  den¬ 
sity  matrix  equations  of  motion  could  be  modified  to  include  the  effects  of  atomic  motion.  The 
derivations  should  then  be  similar  to  those  presented  in  Chapter  II.  Comparisons  to  other  laser 
models,  particularly  the  simple  saturable  gain  model  (near  threshold)  and  Lamb’s  inhomogeneously 
broadened  laser  model  (for  tq  as  1.0),  should  be  performed. 

Transverse  Field  Structures.  A  primary  shortcoming  of  the  semiclassical  models  is  that  the 
transverse  laser  modes  are  ignored.  The  models  are  strictly  one-dimensional  (longitudinal).  This 
downfall  might  be  eliminated  by  expanding  the  fields  in  terms  of  basis  sets  other  than  planar, 
cylindrical,  or  spherical  traveling  waves.  Two  such  basis  sets  are  the  Hermite-Gaussian  and  Laguerre- 
Gaussian  functions.  The  resultant  theory  could  be  readily  applied  to  lasers  with  stable  resonators. 
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The  derivations  would  be  fundamentally  similar  to  those  presented  in  Chapter  II.  The  lowest 
order  transverse  field  dependencies  would  be  retained.  The  resultant  partial  differential  equations 
would  probably  include  derivative  terms  on  the  order  of: 


The  final  equation  set  will  undoubtedly  be  extremely  complex.  Suitable  approximations  will  probably 
be  required  in  order  to  solve  the  system  numerically. 

Coupled  Lasers.  Coupled  lasers  are  currently  a  topic  of  great  research  interest,  both  experi¬ 
mentally  and  theoretically.  The  theoretical  analyses  can  be  grouped  in  two  main  classes:  diffractive 
models  (with  and  without  gain  sheets),  and  one-dimensional  models  with  gain.  The  gain  models 
employed  in  the  one-dimensional  analyses  are  generally  standing  wave,  semiclassical  models  or  sim¬ 
ple  saturable  gain  models.  As  a  result,  the  models  suffer  from  the  same  problems  that  led  to  the 
current  research. 

Applying  the  TWL  and  TWURL  models  to  the  coupled  laser  problem  is  a  simple  extension  of 
the  injected  laser  problem.  If  the  supermodes  of  the  coupled  system  can  be  calculated,  a  variety 
of  important  phenomena  can  be  explored.  Among  these  are  fine  piston  tuning  via  resonator  length 
adjustments,  locking  ranges,  farfield  coherent  intensities,  and  resonator  tuning  curves. 


Summary 

The  principle  conclusions  and  results  of  the  research  were  outlined.  Several  general  design 
guidelines  were  presented,  along  with  a  coupled  laser-phased  array  system  concept.  In  the  final 
section,  four  follow-on  research  topics  were  presented. 
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APPENDIX  A 


Mirror  Models 


The  resonator  mirrors  play  an  important  role  in  determining  the  longitudinal  modes  of  the 
laser.  The  phase  shifts  of  the  mirrors  are  required  before  the  barecavity  mode  frequencies  Cl,  and 
thus  the  free  running  frequencies  z>,  can  be  calculated.  Since  the  specific  mirror  model  will  determine 
the  phase  shifts  incurred  at  the  mirrors,  the  particular  model  employed  must  accurately  describe 
the  properties  of  the  “real"  mirror.  It  is  therefore  important  to  understand  the  properties  and 
peculiarities  of  the  mirror  models  used  in  a  calculation. 

The  two  mirror  models  used  in  this  research  are  discussed  below.  The  first  section  examines 
two  general  means  by  which  a  mirror  may  be  modeled.  The  mirror  model  used  with  the  traveling 
wave  laser  theory  is  examined  in  the  second  section.  In  the  third  section,  the  dielectric  bump  model 
used  by  Spencer  and  Lamb  (101)  is  discussed.  A  summary  is  given  in  the  final  section. 


Methods  of  Modeling  Mirrors 

Two  main  approaches  exist  for  modeling  the  mirrors  of  a  laser  resonator.  The  first  approach  is 
a  general  technique.  No  particular  physical  mirror  is  modeled;  the  mirror  is  simply  visualized  as  a 
passive  two-port  device  with  a  specified  set  of  reflection,  transmission,  and  absorption  coefficients. 
The  coefficients  are  constrained  by  a  few  simple  mathematical  relationships.  The  second  approach 
involves  modeling  an  actual  piece  of  hardware.  The  mathematics  of  the  model  must  accurately 
describe  the  measurable  properties  of  the  physical  mirror.  Once  the  specific  mirror  or  class  of 
mirrors  is  selected,  the  model  and  its  properties  become  fixed.  Consequently,  the  second  modeling 


philosophy  is  somewhat  rigid  and  inflexible. 

The  first  modeling  approach  is  more  flexible  than  the  second.  In  this  method,  no  specific  physical 
device  is  modeled.  Rather,  a  set  of  general  reflection,  transmission,  and  absorption  coefficients  are 
given  that  satisfy  a  few  simple  relationships.  It  is  assumed  that  a  mirror  can  be  manufactured  that 
has  the  given  coefficients;  however,  the  exact  mirror  type  (dielectric  stack,  vapor-deposited  metal 


on  a  substrate,  polished  metal  slab,  etc.)  is  not  specified.  This  philosophy  is  used  in  the  Lamb 
model  and  the  TWL/TWURL  models  of  this  research.  The  mirrors  are  simply  specified  as  a  set 
of  transmission  and  reflection  coefficients  in  Eqs  (2.1),  (3.1),  and  (5.1).  This  modeling  approach  is 
very  general,  and  is  not  limited  by  specific  mirror  hardware. 

The  second  approach  involves  modeling  an  existing  mirror  or  mirror  class.  For  example,  the 
mirrors  to  be  modeled  may  be  quarter-wave  dielectric  stacks  on  some  substrate.  Each  slab  of  di¬ 
electric  material  has  its  own  value  of  permittivity  e,  permeability  p,  absorption  a,  and  thickness. 
By  matching  the  boundary  conditions  of  the  electric  and  magnetic  fields  across  the  dielectric  in¬ 
terfaces  and  incorporating  the  absorption  cr,  the  total  fields  reflected,  absorbed,  and  transmitted 
by  the  stack  can  be  calculated.  As  the  number  of  dielectric  slabs,  the  thicknesses  of  the  slabs, 
or  the  values  of  e,  p,  and  cr  vary,  the  reflection,  absorption,  and  transmission  coefficients  change. 
However,  the  coefficients  can  always  be  calculated  from  explicit  formulae.  A  specific  example  of 
this  approach  is  the  lossless  dielectric  bump  model  used  by  Spencer  and  Lamb.  The  reflection  and 
transmission  coefficients  of  the  dielectric  bump  are  calculated  by  matching  the  boundary  conditions 
of  the  electromagnetic  fields  across  the  bump.  The  “height”  rj  of  the  dielectric  bump  may  vary  from 
problem  to  problem;  however,  the  formulae  for  the  reflection  and  transmission  coefficients  remain 
fixed  functions  of  r].  This  particular  modeling  philosophy  is  rather  inflexible,  as  once  the  mirror  is 
described  physically,  the  reflection,  transmission,  and  absorption  coefficients  become  fixed  functions 
of  the  physical  parameters. 


The  Mirror  Models  of  Uie  TWL/TWURL  Theories 

The  mirror  models  used  in  the  TWL/TWURL  theories  of  this  research  follow  the  more  gen¬ 
eral  philosophy  described  in  the  previous  section.  The  mirrors  are  of  unspecified  type;  they  are 
assumed  to  be  lossless,  passive  two-port  devices  with  reflection  and  transmission  coefficients  given  in 
Eqs  (2.1),  (3.1),  and  (5.1).  A  few  simple  relationships  govern  the  complex  reflection  and  transmission 
coefficients. 


Figure  A.l.  Schematic  diagram  of  a  general  mirror. 

The  general  mirror  is  depicted  in  Figure  A.l.  The  mirror  is  described  by  a  set  of  four  complex 
reflection  and  transmission  coefficients,  given  by  ru,  r22,  ti2,  and  t2j.  The  coefficients  are 
calculated  or  measured  at  the  pair  of  reference  planes  Rii2  that  lie  on  opposite  sides  of  the  mirror. 
The  actual  location  of  the  reference  planes  is  arbitrary;  for  a  particular  physical  device,  however,  the 
locations  may  fall  at  obvious  points.  For  example,  for  a  dielectric  stack  deposited  on  some  substrate, 
two  obvious  locations  for  the  reference  planes  are  at  the  air-dielectric  and  air-substrate  interfaces. 
Notice  that  by  shifting  the  location  of  the  reference  planes,  the  values  of  the  coefficients  will  change. 
At  a  minimum,  the  phases  of  the  coefficients  will  change  if  the  reference  planes  are  translated.  This 
is  due  to  the  different  optical  path  that  the  radiation  must  traverse. 


Seigm&n  (160:504-506)  gives  three  simple  relationships  that  govern  the  four  coefficients  for 
lossless,  passive  mirrors  such  as  those  used  in  this  research.  First,  the  two  transmission  coefficients 
are  exactly  equal;  that  is: 

ti2  =  t2i  =  t  (A.  1) 

t  will  be  used  for  the  remainder  of  the  discussion  to  denote  the  transmission  coefficient.  The  reflection 
and  transmission  coefficients  are  related  as  follows: 


!rn|2  =  jr22|2  =  1  -  |t|2 

(A.2) 

rut*  +  r^t  =  0 

(A.3) 

These  relationships  follow  by  considering  the  conservation  of  power  flow  through  the  mirror. 

By  examining  the  relationships,  it  is  clear  that  three  free  parameters  completely  specify  the 
mirror.  First,  from  Eq  (A. 2),  only  one  of  the  amplitudes  of  the  coefficients  may  be  arbitrarily 
chosen.  Once  fixed,  the  magnitudes  of  the  other  two  coefficients  are  determined.  Second,  only  two 
of  the  three  phases  of  the  coefficients  may  be  freely  chosen.  The  third  phase  depends  upon  the  other 
two,  as  seen  in  Eq  (A. 3).  The  exact  values  of  the  three  parameters  depend  upon  the  particular 
choice  of  reference  planes. 

In  the  numerical  analyses  of  the  TWL/TWURL  models  (Chapters  VII  and  VIII),  the  two 
reflection  coefficients  of  a  given  mirror  were  set  equal  to  each  other.  Additionally,  they  were  both 
chosen  to  be  purely  real  and  negative,  i.e.,  their  phases  were  set  equal  to  ir.  This  is  a  typical 
convention  used  throughout  laser  texts.  From  Eq  (A. 3),  the  phase  of  the  transmission  coefficient 
was  thus  forced  to  be  tt/ 2.  Once  a  specific  reflection  or  transmission  coefficient  amplitude  was 
chosen,  the  other  amplitude  was  fixed  by  Eq  (A. 2).  The  mirror  was  then  completely  specified. 
These  conventions  for  the  coefficients  were  used  in  all  the  numerical  work  with  the  TWL/TWURL 
models  in  this  project. 


The  Dielectric  Bump  Mirror  Model 

Spencer  and  Lamb  use  a  standing  wave  1  ser  model  with  a  Fabry-Perot  resonator  in  their 
analyses.  Schematically,  their  laser  is  the  same  as  that  depicted  in  Figure  4.1.  Mirror  A  is  perfectly 
reflective,  with  a  reflection  coefficient  given  by  =  —1.  Mirror  B,  through  which  injection  and 
outcoupling  are  performed,  is  assumed  to  be  an  infinitesimally  thin  slab  of  dielectric  material.  This 
mirror,  or  dielectric  bump,  has  several  interesting  and  aphysical  properties  that  warrant  further 
investigation. 

The  dielectric  bump  is  modeled  as  an  instantaneous  change  in  the  permittivity  e  at  the  mirror 
position  z  =  L.  Mathematically,  the  bump  is  described  by: 

«db(*)  =  €o[l  +■  A£(2  -  L)]  (A. 4) 


where  5(2)  is  the  Dirac  delta  function  and  A  is  the  “height*  of  the  change  in  permittivity. 

Matching  the  boundary  conditions  for  the  electric  and  magnetic  fields  across  the  dielectric  bump 

yields  its  reflection  and  transmission  coefficients: 

rD  =  rDc'*HD  =  —  -  (A. 5a) 

£  —  xrj 

to  =  tD^r°  =  T~—r-  (A. 5b) 

2  -  it] 


where  rj  =  k A  and  k  is  the  wavenumber.  The  reflection  coefficient  is  the  same  on  either  side  of  the 
dielectric  bump.  It  is  a  trivial  exercise  to  show  that  To  and  tp  satisfy  Eqs  (A. 2)  and  (A. 3). 

A  bit  of  simple  algebra  yields  the  amplitudes  and  phases  of  the  reflection  and  transmission 
coefficients  in  terms  of  rj: 


ro 


n 

\/4  +  rj2 


4>no  =  j  +  arctan 
\/4  +  V2 


(A. 6a) 


(A. 6b) 
(A.6c) 


4>TD  =  arctan  Q ) 


(A.6d) 


Note  that  any  expression  in  Eq  (A. 6)  can  be  inverted  to  yield  ?  equation  for  rj  in  terms  of  either 
the  magnitude  or  phase  of  Tp  or  tp.  In  particular,  inverting  Eq  (A. 6a)  gives: 


n  = 


2  Tp 

7^ 


(A.7) 


This  fact  has  an  important  ramification.  The  dielectric  bump  has  only  one  free  parameter  that  may 
be  arbitrarily  chosen.  Once  any  one  of  the  five  parameters  (ij,  Tp,  <f>Rp,  or  4>td)  is  arbitrarily 
chosen,  the  other  four  parameters  are  fixed.  Of  particular  importance  is  that  the  phases  of  the 
mirror  coefficients  are  fixed  functions  of  rp  (or  tp).  For  a  fixed  value  of  Tp,  there  is  one  and  only 
one  corresponding  value  of  <f>Rp.  Recall  that  the  general  mirror  model  used  in  the  TWL/TWURL 
theories  has  three  free  parameters.  The  fact  that  the  dielectric  bump  has  only  one  free  parameter 
makes  the  model  much  less  flexible  than  the  TWL/TWURL  mirror  models. 

The  dielectric  bump  parameter  rj  can  have  any  nonnegative,  real  value,  i.e.,  rj  €  [0,  oo].  The 
corresponding  ranges  for  the  magnitudes  and  phases  of  the  reflection  and  transmission  coefficients 
are: 

rp  €  [0, 1)  (A. 8a) 

^*£>e^-,7rj  (A. 8b) 

to  €[1,0]  (A. 8c) 

4>TD  e  jo,  -J  (A.8d) 

The  dielectric  bump  introduces  two  significant  effects  into  the  laser  model.  First,  the  bump 
forces  frequency  shifts  in  the  barecavity  and  free-running  laser  modes.  Second,  the  bump  causes 
the  mirror  losses  to  behave  in  an  unusual  manner.  These  important  properties  are  discussed  in  the 
following  two  sections. 

The  Dielectric  Bump  Frequency  Shifts.  One  of  the  significant  properties  of  the  dielectric  bump 
is  that  the  phase  of  the  reflection  coefficient  is  a  function  of  rp: 


4>rd  ~  2  +  arctan 


(A.9) 
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The  phase  4>rp  displaces  the  barecavity  mode  frequencies  from  the  usual  values  of  ft  =  ncj2^L, 
where  n  is  some  (large)  integer,  to: 


ft'  =  ft  +  l- 

**3 


(A.10) 


The  barecavity  intermode  spacing  of  c/2-jL  (normalized  units)  remains  the  same  as  in  the  TWL, 
TWURL,  or  Lamb  models.  The  shift  of  the  barecavity  modes  can  be  observed  in  the  <pn  equation 
of  the  Spencer-Lamb  model  (Eq  (4.42b)).  Note  in  particular  that  since  rj  is  a  function  of  r p,  then 
the  shifted  barecavity  frequencies  ft'  are  also  functions  of  rp. 

The  phase  of  the  dielectric  bump  reflection  coefficient  also  affects  the  frequency  of  the  free- 
running  laser  mode.  Eq  (4.44)  gives  the  free-running  frequency: 


(All) 


Note  that  the  shifted  barecavity  frequency  ft'  appears  in  the  numerator  of  Eq  (A.  11).  This  forces  a 
potentially  large  shift  of  0  that  is  not  seen  in  the  TWL/TWURL  or  Lamb  models.  A  more  useful 
representation  of  u,  particularly  in  light  of  the  numerical  work  discussed  in  Chapter  VII,  is  At: 

At  =<!>  —  £> 


(A- 12) 


The  second  term  in  the  numerator  of  Eq  (A. 12)  is  the  frequency  offset  due  to  4>rp-  This  term  can 
force  significant  shifts  of  At,  as  shown  in  Figure  A. 2.  The  parameters  used  in  the  figure  are  taken 
from  data  set  27. 


The  peak  shift  that  At  undergoes  and  the  corresponding  value  of  rp  can  be  readily  calculated. 
This  is  done  by  computing  the  value  of  rp  for  which  the  derivative  of  At  with  respect  to  rp  is  equal 


h 
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Figure  A. 2.  The  shift  of  At  vs  rp-  The  parameters  used  in  the  calculation  come  from  data  set  27: 
Am  =  0.0,  ?2  =  21.04145,  and  fa  =  4/3. 


to  zero.  Using  the  chain  rule  from  calculus,  the  derivative  can  be  written  as: 
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(A- 13) 
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Similarly: 
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Incorporating  the  two  derivatives  into  Eq  (A.  13)  yields: 
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(A. 14) 


The  denominator  of  Eq  (A.  14)  is  always  greater  than  or  equal  to  zero,  so  that  the  extreme  value 
of  At  will  only  occur  at  a  zero  of  the  numerator.  Solving  the  quadratic  expression  for  rj  in  the 
numerator  and  discarding  the  physically  meaningless  negative  root  yields: 


1  = 


[a**  +  (l  +  jt)  (i  +  £  + 


1  + 


T2 


(A.  15) 


Using  Eq  A.  15,  the  value  of  q  for  which  At  undergoes  the  maximum  shift  can  be  determined. 
Eq  (A. 6a)  can  then  be  used  to  calculate  the  corresponding  rD  value.  Finally,  Eq  (A.  12)  can  be 
used  to  calculate  the  amount  of  shifting  that  At  undergoes.  For  the  example  given  in  Figure  A. 2, 
At  shifts  from  the  nominal  value  of  0.0  to  a  peak  value  of  —0.459  at  rp  =  0.615  and  r\  =  1.559.  This 
shift  is  a  sizeable  fraction  of  the  atomic  linewidth.  It  is  important  to  recognize  that  these  shifts  in 
frequency  are  due  solely  to  the  effects  of  the  dielectric  bump,  and  not  to  gain  medium  pulling  and 
pushing. 

The  medium  gain  that  the  lasing  mode  experiences  is  directly  affected  by  the  shift  of  At.  The 
small  signal  gain  g^L  of  the  Spencer-Lamb  model  is  the  same  as  that  of  the  TWL/TWURL  models, 
given  by  Eq  (4.10a).  A  sizeable  change  in  At  can  lead  to  a  large  change  in  g^L.  Using  the  example 
of  Figure  A. 2,  the  small  signal  gain  changes  from  a  maximum  value  of  g^L  =  0.756  at  rp  =  1.0  to 
a  minimum  value  of  go  L  =  0.624  at  rp  =  0.615,  a  17.5%  change.  In  some  cases,  the  free-running 
mode  may  be  shifted  to  a  portion  of  the  gain  curve  in  which  the  gain  is  below  the  lasing  threshold. 
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Lasing  on  that  mode  would  then  cease.  The  dependency  of  go  L  on  the  reflectivity  of  the  outcoupling 
mirror  is  not  seen  in  the  TWL/TWURL  or  Lamb  models,  as  the  phases  of  the  reflection  coefficients 
are  not  functions  of  the  reflectivities  in  these  models. 

In  summary,  the  phase  of  the  reflection  coefficient  of  the  dielectric  bump  has  two  significant 
effects.  First,  4>RD  causes  frequency  shifts  of  the  barecavity  and  free-running  laser  modes.  These 
frequency  shifts  depend  upon  the  magnitude  of  the  reflection  coefficient.  Second,  shifting  £  creates 
a  change  in  the  small  signal  gain  of  the  laser.  The  frequency  shifts  and  the  gain  changes  due  to 
variations  in  rp  have  no  counterparts  in  the  TWL/TWURL  or  Lamb  models.  f 

The  Dielectric  Bump  Losses.  The  second  significant  property  of  the  dielectric  bump  is  the  losses 
that  it  induces  on  the  laser.  The  loss  Lp  can  be  readily  obtained  from  Eq  (4.42a): 


* 

i 

(A. 16a)  ; 
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The  loss  varies  over  a  finite  range,  from  Lp  =  0.0  when  rp  =  1.0  to  a  maximum  of  Lp  =  2/f3  when 
rp  =  0.0. 

Lp  can  be  compared  to  the  mirror  loss  Lp  in  the  field  equation  for  the  Lamb  model: 


Ll  = 


-  —  lnrD 
*3 


(A.  16b) 


Note  the  implicit  assumption  in  Eq  (A.  16b)  that  the  gain  medium  fills  the  entire  cavity.  The  losses 
are  plotted  in  Figure  A. 3.  For  very  high  rp  p  values,  the  losses  Lp  and  Lp  are  close.  Lp  is  greater 
than  Lp  over  mo3t  of  the  reflectivity  range.  However,  as  the  mirror  or  dielectric  bump  reflectivities 
decrease,  significant  differences  appear  in  the  losses.  The  two  loss  curves  cross  at  rp.p  =  0.166.  Lp 
becomes  infinite  as  rp  approaches  zero,  whereas  Lp  remains  bounded.  Although  the  losses  appear  to 
be  relatively  close,  the  percentage  difference  in  the  losses  depicted  in  Figure  A. 4  can  be  substantial. 

The  most  striking  feature  about  the  loss  Lp  is  that  it  is  bounded  and  finite.  As  a  result,  if 
the  medium  gain  is  high  enough,  the  laser  will  oscillate  regardless  of  the  value  of  rp.  The  threshold 
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Figure  A. 3.  Comparison  of  the  laser  losses  Ld.L  mirror  reflectivity.  Note  that  the  losses  are 
parameterized  in  terms  of  ?3- 

inversion  density  for  the  Spencer-Lamb  model  is  given  in  Eq  (4.45): 

(1 + Ap)  [h + h  (A17) 

At  has  a  maximum  value  that  can  be  calculated  with  the  method  described  previously.  Therefore, 
an  upper  bound  exists  for  the  right-hand  side  of  Eq  (A. 17).  If  we<l  is  greater  than  the  bound,  the 
laser  will  oscillate  regardless  of  the  outcoupling.  This  critical  value  of  wrq  can  be  expressed  as: 


Figure  A. 4.  Percentage  difference  in  the  losses  Lp  and  L £,  vs  mirror  reflectivity.  The  percentage 
difference  is  defined  as  (L0  -  Ll)/Ll- 

Consider  again  data  set  27.  Using  the  maximum  value  of  At  calculated  in  the  previous  section,  the 
critical  population  inversion  density  is  =  1.874.  This  value  is  only  75%  greater  than  the  value 

l  cr 

used  in  data  set  29. 

To  summarize,  the  losses  induced  by  the  dielectric  bump  have  a  finite  upper  bound.  This  differs 
from  the  TWL/TWURL  and  Lamb  models,  in  which  the  mirror  losses  become  infinite  as  — *  0. 
A  direct  consequence  of  the  bounded  losses  is  that  a  critical  value  of  wrq  exists  for  which  the  laser 
will  oscillate  regardless  of  the  value  of  rn. 
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The  different  mirror  models  used  in  this  research  were  examined  in  this  appendix.  A  general 
philosophy  of  mirror  modeling  techniques  was  given  initially.  The  mirrors  used  in  the  TWL/TWURL 
and  Lamb  models  were  discussed  next.  The  relationships  between  the  reflection  and  transmission 
coefficients  derived  by  Seigman  were  presented.  The  dielectric  bump  mirror  used  by  Spencer  and 
Lamb  was  analyzed  in  detail  in  the  third  section.  The  frequency  shifts  and  the  losses  induced  by 
the  dielectric  bump  were  analyzed. 

It  must  be  noted  that  at  very  high  reflectivities,  the  frequency  shift  and  loss  effects  of  the 
dielectric  bump  are  minimized.  The  loss  and  frequency  shift  effects  become  significant  in  regions 
where  the  standing  wave  approximation  critical  to  the  Lamb  and  Spencer-Lamb  gain  models  has 
already  broken  down.  Technically,  the  dielectric  bump  model  could  be  used  as  an  approximation 
in  the  region  where  the  standing  wave  model  is  valid.  Its  limitations  and  peculiarities  must  be 
understood  in  order  to  properly  interpret  the  results  of  any  calculations.  Of  course,  this  model 
should  be  used  if  the  physical  mirror  it  represents  behaves  like  a  dielectric  bump. 
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Numerical  Techniques 

Several  general  types  of  problems  were  studied  during  the  course  of  this  research.  The  problems 
can  be  grouped  into  the  following  four  classes:  steady-state  intensity  calculations  for  free-running 
lasers,  steady-state  frequency  calculations  for  free-running  lasers,  steady-state  intensity  and  gain 
( Gi,G2 )  calculations  for  injected  lasers,  and  time-dependent  studies  of  free-running  and  injected 
Fabry-Perot  lasers.  With  the  exception  of  the  standing  wave  laser  models  (Lamb,  Spencer-Lamb, 
and  Chow  models),  no  analytic  solutions  of  the  equations  can  be  obtained.  As  a  result,  the  problems 
involving  the  TWL,  TWURL,  and  small  signal  gain  models  have  to  be  solved  numerically. 

The  computer  codes  developed  to  study  the  above  four  classes  of  problems  are  discussed  in 
this  appendix.  Each  class  is  separately  examined  in  detail  in  the  first  four  sections.  The  types  of 
calculations  performed,  the  particular  numerical  methods  and  computer  code  algorithms,  and  the 
boundary /initial  conditions  (as  applicable)  are  explored  for  each  class.  Specifics  of  the  codes,  such 
as  flowcharts,  I/O  files,  libraries,  required  hardware  environments,  etc.,  are  not  discussed.  As  over 
twenty  codes  were  written,  no  source  code  listings  are  given.  The  appendix  is  summarized  in  the 
final  section. 

Steady-State  Intensity  Calculations:  Free-Running  Lasers 

The  first  class  of  problems  to  be  examined  is  the  calculation  of  the  steady-state  intensities  /ji(z) 
and  1l[z)  in  the  free-running  laser.  For  the  PBCUR  laser,  this  includes  the  intensities  7/,(x,  y,  z) 
in  the  amplifier  region  and  /ap(x,  y,  z  =  0)  in  the  output  aperture.  Either  the  TWL,  TWURL, 
or  simple  saturable  gain  models  can  be  used  in  the  calculations.  The  lasing  frequency  u  and  thus 
At  =  Ci  —  u  are  assumed  to  be  time-independent  and  known  a  pnori.  Consequently,  the  phase 
equations  in  the  TWL  and  TWURL  models  are  not  required.  Only  the  field  amplitude  or  intensity 
equations  and  the  appropriate  boundary  conditions  are  necessary  for  the  calculations. 
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The  required  differential  equations  for  the  calculations  are  listed  in  Table  VI.  Notice  that  each 
equation  set  is  a  pair  of  coupled,  nonlinear  ordinary  differential  equations.  The  calculation  of  the 
internal  intensities  is  essentially  a  boundary  value  problem;  however,  a  separate  boundary  condition 
must  be  satisfied  at  each  mirror.  Many  techniques  exist  that  can  be  used  to  numerically  solve  the 
equations  for  the  intensities.  In  this  project,  a  “shooting  method”  using  fourth-order  Runge-Kutta 
was  employed  to  solve  the  differential  equations. 

Although  the  Runge-Kutta  techniques  are  fairly  common  and  are  discussed  in  most  numerical 
methods  texts,  the  vector  scheme  is  presented  below  for  completeness.  The  shooting  algorithm 
employed  in  the  codes  is  explained  next.  Finally,  some  specifics  about  step  sizes,  initial  intensity 
values,  and  accuracies  of  the  results  are  discussed. 

The  Fourth-Order  Runge-Kutta  Method.  The  Runge-Kutta  methods  are  based  on  truncated 
Taylor  series  expansions  of  the  differential  equations.  A  relatively  easy  to  implement  yet  quite 
accurate  method  in  the  family  is  the  fourth-order  technique.  This  technique  is  briefly  outlined 
below.  A  more  complete  presentation,  including  derivations  and  error  and  stability  analyses,  can  be 
found  in  (161:  Chapter  8,  162:  Chapter  9).  The  following  discussion  uses  the  notation  of  (161). 

Let  the  set  of  n  differential  equations  to  be  solved  be  denoted  by  the  following  vector  system: 

3y 


dx 


=  f(x’V) 


h(x,y) 
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The  initial  conditions  for  the  problem  are  given  by  the  vector  y(x0): 

y(*<>)  =  yb 
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TABLE  VI 

Required  Equation  Sets 


Calculation 

Laser 

Model 

Operating 

Condition 

Equations  of 
Motion 

Boundary 

Conditions 

Steady-state 

TWL 

Free-running 

Eq  3.16a 

Eq  3.18 

Intensity 

3.16b 

3.19 

TWURL 

Free- running 

5.18a 

5.25 

5.18b 

5.20a 

Steady-state 

TWL 

Free-running 

3.16 

3.18 

FVequency 

3  19 

. 

TWURL 

Free-running 

5.18 

5.25 

Steady-state 

TWL 

Injected 

3.24 

Intensity 

TWURL 

Injected 

5.30 

5.37 

5.32 

Time-dependent 

TWL 

Free-running 

3.8 

3.18 

Intensity,  Phase 

3.19 

TWL 


Injected 


3.8 


3.18 

3.28 


The  step  in  x  is  given  by  h,  that  is: 


ifc+i  ~  Xk  +  h  ( B.3) 

h  is  the  same  for  the  n  functions  that  comprise  y.  If  y*  denotes  the  vector  function  at  the  kth  step 
in  x,  then  y*  +  i  is  given  by: 

yfc+i=yik  +  A*  (B.4a) 

where: 

Afc  =  l  (A*11  +  2A<2)  +  2A*3*  +  aJ,.4’)  (B.4b) 

and: 

A*1'  =  h/(xfc,  yk)  (B.4c) 

^2>  =  /»/(**  +  £,  y*  +  ^A<l>)  (B.4d) 

Ai3’  =  */(**  +  £,  J?*  +  2-A[2')  (B.4e) 

&[4)  =  hf  (**  +  h,  yk  +  A^3’)  (B.4f) 

Fourth-order  Runge-Kutta  has  several  advantages  and  disadvantages.  The  first  positive  feature 
is  that  the  method  is  quite  accurate.  The  single-step  error  is  given  by  a  very  complex  formula, 
but  is  0(h5).  For  small  h  values,  the  single-step  errors  are  small.  Notice  that  the  single-step 
error  is  not  the  same  as  the  accumulated  error,  i.e.,  the  total  error  after  propagating  m  steps  in  x. 
A  second  advantage  is  that  the  method  is  self-starting.  Only  the  initial  vector  yi,  is  required  to 
start  the  calculation.  Other  methods,  such  as  the  Adams-Moulton  and  Milne-Simpson  methods, 
require  the  values  of  y  at  the  first  several  x  steps  in  order  to  start.  Third,  for  many  systems  of 
ordinary  differential  equations,  the  fourth-order  Runge-Kutta  method  is  strongly  stable.  Finally, 
the  method  is  quite  simple  to  implement  in  a  computer  code.  The  primary  disadvantage  of  the 
method  is  that  four  evaluations  of  /(x,  y)  are  required  for  each  propagation  step.  If  the  differential 
equations  are  quite  complex,  a  considerable  amount  of  computer  time  may  be  required  to  propagate 


the  equations.  Because  of  its  positive  features,  fourth-order  Runge-Kutta  was  chosen  to  solve  the 
differential  equations  in  all  of  the  steady-state  calculations  in  this  research. 
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The  Numerical  Algorithm.  The  algorithm  used  to  determine  the  axial  fields  in  the  Fabry-Perot 
and  PBCUR  lasers  is  a  shooting  method.  The  method  involves  guessing  the  intensities  at  mirror  A, 
propagating  the  guessed  intensities  through  the  resonator,  and  applying  the  boundary  conditions 
at  mirror  B.  A  new  guess  of  the  intensities  at  mirror  A  is  made  based  upon  a  comparison  of  the 
intensities  at  mirror  B.  The  procedure  is  then  iterated  a  preset  number  of  times.  The  algorithm  is 
outlined  in  detail  below. 

(1).  A  high  and  alow  guess  of  £l(0)  is  made.  The  guesses  are  denoted  by  &H1  and  &LO  ,  respectively. 
For  the  first  iteration,  j&l(0)  is  set  equal  to  their  average,  that  is: 


£l<o)  = 


I  +  &LO 


The  boundary  conditions  at  mirror  A  are  applied  to  the  guess  of  £j,(0)  to  yield  £r(0).  In  all  cases, 
the  initial  values  of  £H1  and  were  hardwired  into  the  computer  codes. 

(2) .  Fourth-order  Runge-Kutta  is  used  to  propagate  the  fields  the  length  of  the  laser. 

(3) .  The  boundary  conditions  are  applied  to  the  fields  at  mirror  B. 

(4) .  A  new  pair  of  guesses  &hi  and  &lo  are  made  based  on  the  results  of  a  comparison  of  the  fields 


at  mirror  B.  If: 


otherwise: 


&l(  1)  >  rc£/j(l) 


&hi  =  £l(0) 

&LO  =  &LO 


&H1  ~  &H1 
&LO  =  £t(0) 


(B.6a) 

(B.6b) 


(B.6c) 

(B.6d) 
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(5) .  The  procedure  is  iterated  by  returning  to  step  (2). 

(6) .  After  a  preset  number  of  iterations,  the  procedure  is  terminated.  The  final  set  of  calculated 
axial  fields  is  the  numerical  solution  to  the  problem.  The  number  of  iterations  was  in  all  cases 
hardwired  into  the  computer  codes. 

The  above  procedure  is  used  to  calculate  the  axial  fields  in  both  the  Fabry-Perot  and  PBCUR 
lasers.  Since  the  geometric  mode  of  the  Fabry-Perot  laser  has  a  constant  intensity  in  the  transverse 
directions,  no  further  calculations  are  required  for  this  device.  The  situation  is  somewhat  different 
in  the  PBCUR.  Refer  to  Figure  5.2.  In  the  central  core  region  e,  the  fields  are  assumed  to  be 
constant  in  any  transverse  direction.  However,  the  field  £/,(x,y ,  z)  in  the  amplifier  regions  /  has  a 
transverse  structure.  This  structure  is  due  to  the  fact  that  rays  displaced  different  distances  from 
the  optic  axis  traverse  different  path  lengths  through  the  amplifier  and  core  regions.  The  geometry 
of  the  PBCUR  must  be  taken  into  account  when  the  field  ^up(x,  y,  0)  is  calculated. 

The  procedure  for  calculating  the  field  in  the  output  aperture  is  quite  simple.  First,  the  axial 
fields  are  calculated  as  described  above.  The  field  £l[z  —  t)  on  cone  g  is  simply  the  same  as  the  axial 
field  at  z  —  l.  These  fields  are  then  propagated  backwards  from  the  amplifier/core  region  boundary 
to  the  output  aperture  via  Eq  (5.20).  Various  axial  positions  z  =  t  will  require  propagations  of 
differing  lengths  through  the  amplifier  region.  The  output  aperture  field  £L(x,y,0)  is  then  known. 

Algorithm  Specifics.  As  mentioned  in  the  paragraphs  above,  certain  values  were  preset  or 
hardwired  into  the  codes.  In  all  codes,  the  step  size  h  was  set  equal  to  0.01.  Consequently,  100 
steps  were  required  to  propagate  the  fields  from  mirror  A  to  mirror  B.  The  initial  high  and  low  field 
guesses  at  mirror  A  were  set  to  =  100.0  and  &lo  =  0.0.  Finally,  the  number  of  iterations  n 
was  set  equal  to  40. 

Some  conclusions  about  the  error  sizes  and  accuracies  of  the  calculated  intensities  can  be  drawn. 
First,  the  single  step  error  for  the  Runge-Kutta  method  is  0(hb)  ss  10”  10.  The  small  value  of  h  thus 
leads  to  quite  small  single  step  errors.  A  tradeoff  exists  for  the  step  size,  however:  the  smaller  the  step 
size,  the  smaller  the  single  step  error,  and  the  more  steps  required  to  propagate  the  fields  across  the 


laser.  Thus,  small  single  step  errors  are  obtained  at  the  expense  of  additional  computational  time. 
h  =  0.01  was  chosen  since  it  produced  a  small  single  step  error,  yet  had  reasonable  computational 


A  second  conclusion  can  be  made  about  the  accuracies  of  the  calculated  values  of  £jr,(0) 
and  £/j(0).  If  no  roundoff  or  numerical  errors  are  made  by  the  computer,  then  the  maximum 
error  in  the  values  of  £r(0)  and  0)  is  given  by: 


&HI  ~  &LO 

2  x  2n~l 


where  n  is  the  number  of  iterations  performed.  Using  the  values  listed  above,  the  error  in  the  final 
field  values  is  approximately  9  x  10” 11. 

All  calculations  in  this  class  were  performed  on  a  VAX  11-782  computer  using  double  precision 
variables.  Since  double  precision  numbers  on  the  VAX  retain  fourteen  significant  digits,  the  trunca¬ 
tion  and  roundoff  errors  were  less  than  the  single  step  errors  or  the  errors  in  calculating 


Steady-State  Frequency  Calculations:  Free-Running  Lasers 

The  second  class  of  problems  studied  involves  the  calculation  of  the  free-running  laser  fre¬ 
quency  0.  This  frequency  is  a  critical  parameter  in  the  injection  locking  studies,  as  it  is  required  in 
the  boundary  conditions  for  mirror  B  (Eq  (3.27)).  Unfortunately,  the  TWL  and  TWURL  equations 
cannot  be  solved  to  yield  £>,  as  in  the  standing  wave  theories.  Therefore,  £>  must  be  determined 
numerically. 

The  technique  used  to  calculate  t>  for  both  the  Fabry-Perot  and  PBCUR  lasers  is  discussed 
below.  First,  some  background  information  on  the  problem  is  given.  The  algorithm  is  presented 
next.  The  final  subsection  deals  with  specifics  of  the  algorithm  and  an  estimate  of  its  accuracy. 

Background.  The  frequency  calculations  were  performed  using  the  steady-state  equations  of 
motion.  The  specific  equations  used  are  given  in  Table  VI.  Since  C>  is  a  function  of  the  gain  medium 
pulling  and  pushing  effects,  the  phase  equations  are  required  in  this  calculation.  0  is  calculated  in 
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identical  manners  for  both  the  TWL  and  TWURL  models.  By  extension,  0  could  also  be  calculated 
for  the  general  laser  analyzed  in  Chapter  II,  even  though  no  attempt  was  made  to  do  so. 

The  barecavity  longitudinal  mode  frequencies  are  given  by: 


(B.8) 


as  discussed  elsewhere.  However,  the  actual  lasing  frequencies  are  “pulled”  toward  the  linecenter 
from  A.  This  is  due  to  the  large  change  in  the  index  of  refraction  that  exists  about  u>.  If  Cl  =  w, 
the  mode  experiences  no  pulling  or  pushing.  Using  fl  as  the  lasing  frequency  will  generally  produce 
inaccurate  results,  as  the  frequency  pulling  can  be  rather  large. 

At  the  free-running  frequency,  2 kL  =  2n?r  provided  that  the  phase  changes  due  to  the  mirror 
reflection  coefficients  total  some  integral  multiple  of  2jt.  Since  integral  multiples  of  2jr  do  not  effect 
the  calculations,  they  can  be  ignored.  Hence,  at  0,  the  net  round  trip  phase  change  is  effectively 
equal  to  0.  Forced  operation  of  the  laser  at  a  frequency  0j  <  0  will  produce  a  negative  phase  change 
in  a  round  trip.  Operation  at  some  0i  >  0  will  result  in  a  net  positive  round  trip  phase  change. 
This  fact  is  critical  to  the  operation  of  the  numerical  algorithm. 

The  Numerical  Algorithm.  A  bisection  technique  is  used  to  determine  the  frequency  0.  The 
method  searches  for  some  frequency  O'  that  has  a  round  trip  phase  error  bounded  by  some  e#,  where 
can  be  made  arbitrarily  small.  The  frequency  O'  is  then  defined  as  the  free-running  frequency  0. 
The  algorithm  consists  of  the  following  steps: 

(1) .  Two  initial  frequency  guesses,  Out  and  O^o,  are  made  that  bracket  0.  The  guesses  are  made 
so  that  the  net  round  trip  phase  change  is  negative  for  one  of  the  guesses  and  positive  for  the  other. 
The  barecavity  mode  frequencies  on  either  side  of  0  are  an  example  of  such  a  frequency  pair. 

(2) .  The  axial  intensities  are  calculated  at  Olo  >n  the  manner  discussed  in  the  previous  section. 
Only  the  field  amplitude  equations  are  required  in  this  step.  The  field  amplitudes  are  stored  during 
the  final  iteration. 


(3).  Two  initial  phases  <^{0)  and  <^£,(0)  are  chosen  at  mirror  A.  The  exact  values  of  the  phases  are 
arbitrary,  but  they  must  satisfy  the  boundary  condition  for  mirror  A.  The  phase  equations  are  used 
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to  propagate  the  phases  the  length  of  the  resonator.  The  field  amplitudes  stored  in  step  (2)  are  used 
in  the  phase  propagation. 

(4).  The  phase  error  4>e  at  mirror  B  is  calculated,  where: 


4>e  -  -  4>rb  -  4>l( l) 


(B.9) 


Notice  that  Eq  (B.9)  is  equivalent  to  Eqs  (3.19b)  and  (5.25d).  The  phase  error  4>e  is  the  error  in 
2 kL  after  the  round  trip;  that  is: 

2kL  =  2nn  +  4>E  (B.10) 

(5) .  Steps  (2)-(4)  are  repeated  for  £///.  The  phase  errors  for  t>ni  and  i>eo  must  have  opposite  signs. 
If  so,  the  run  continues  at  step  (6).  If  the  phase  errors  have  the  same  sign,  then  vm  and  veo  lie  on 
the  same  side  of  i>.  In  this  situation,  the  run  is  terminated. 

(6) .  A  new  average  frequency  vavc  is  defined: 


uLO  +  V  HI 


(B- 11) 


Steps  (2)-(4)  are  repeated  for  Two  new  values  of  i>ni  and  £>eo  are  defined  depending  upon 

the  sign  of  4>e  calculated  for  £a„e.  If  <f>E  has  the  same  sign  as  the  phase  error  for  C>lo,  then: 

VLO  =  ^ave  (B.12a) 

(B.12b) 


VHl  =  l 'HI 


Otherwise, 


vlo  =  veo 


vhi  =  u„ 


(B.12c) 

(B.12d) 


(7).  Step  (6)  is  iterated  until  the  phase  error  for  uave  is  bounded  by  a  predefined  limit  e^: 


\4>e\  <  t* 


(B.  13) 


The  calculation  is  terminated,  and  the  current  value  of  0,lve  is  taken  to  be  the  free-running  fre¬ 
quency  v. 
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(8).  If  4>e  for  the  initially  chosen  values  of  i ">eo  or  Om  satisfies  Eq  (B.13),  the  calculation  is 
terminated.  0  is  set  equal  to  the  frequency  value  (Oeo  or  £///)  used  in  the  calculation. 

The  method  requires  a  significant  number  of  calculations.  Several  steps  can  be  taken  to  reduce 
the  computational  load.  A  numerical  technique  other  than  bisection  can  be  used  to  increase  the  rate 
of  convergence  to  0.  For  example,  the  method  of  false  position  (regula  falsi)  could  be  used  if  4>e  >3  a 
fairly  linear  function  of  frequency  in  the  region  about  0.  Since  the  behavior  of  <f>E  was  unknown  when 
the  codes  were  written,  the  bisection  method  was  chosen  to  ensure  a  consistent  rate  of  convergence. 
The  number  of  iterations  required  to  calculate  0  can  be  decreased  by  tightly  bracketing  the  frequency 
with  the  initial  guesses  of  Olo  and  Om.  This  requires  some  prior  knowledge  of  the  location  of  0  on 
the  gain  curve.  Finally,  the  error  limit  can  be  increased,  thus  lowering  the  number  of  iterations 
required.  Raising  the  error  limit  will  decrease  the  accuracy  of  the  calculated  value  of  0,  however. 

Algorithm  Specifics.  Some  of  the  variables  controlling  the  algorithm  were  hardwired  into  the 
computer  codes.  The  field  intensity  calculations  in  step  (2)  used  40  iterations,  with  a  step  size  of 
h  —  0.01.  The  phase  error  bound  used  was  =  10~6.  Finally,  the  initial  values  of  Olo  and  Out 
were  set  equal  to  the  barecavity  mode  frequency  fi  and  the  linecenter  frequency  w.  Since  only  the 
modes  closest  to  linecenter  were  analyzed,  this  bracket  is  tighter  than  one  composed  of  the  barecavity 
frequencies  on  either  side  of  0. 

A  rough  estimate  of  the  maximum  frequency  error  can  be  obtained.  First,  60  is  defined  as  the 
frequency  error: 

60^0  —  0'  (B.  14) 

where  O'  is  the  calculated  value  of  the  frequency.  Then,  the  maximum  value  of  60  is  given  by  the 
phase  error  bound  divided  by  the  round  trip  time: 

\60\<-^~  (B.15) 

With  =  10~6,  ?3  =  4/3,  and  La  =  1.0,  the  maximum  frequency  error  is  7.5  x  10-7. 
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Steady-State  Intensity  Calculations:  Injected  Lasers 


The  third  class  of  problems  studied  is  the  calculation  of  the  steady-state  intensities  in  the 
injected  laser.  The  calculation  is  similar  to  that  for  the  free-running  laser.  The  main  difference  is 
that  the  phases  of  the  electric  fields  are  required  in  order  to  calculate  the  injected  phasor.  As  a 
result,  both  the  amplitude  and  phase  equations  are  used  in  the  calculation.  The  numerical  algorithm 
employed  is  given  below,  followed  by  a  discussion  of  some  specifics  of  the  computer  codes  that  were 
developed. 

The  Numerical  Algorithm.  The  numerical  algorithm  employed  is  the  same  for  both  the  Fabry- 
Perot  and  PBCUR  lasers.  The  equations  used  in  the  calculations  are  listed  in  Table  VI.  The 
boundary  condition  at  mirror  B  is  depicted  in  Figure  3.4.  In  general,  TijEyi(l)  and  Ex,(l)  are  not 
collinear  phasors.  The  effects  of  the  gain  medium  on  the  electric  field  phases  must  be  accounted  for. 
For  this  reason,  the  phase  equations  are  required  in  the  calculation.  Both  v/  and  u  are  assumed  to 
be  known  a  priori.  Consequently,  Ad >  is  also  known. 

The  algorithm  is  composed  of  the  following  steps: 

(1) .  A  value  of  £?l( 0)  at  mirror  A  is  chosen.  4>i( 0)  is  arbitrarily  set  equal  to  0.0.  The  mirror 
boundary  conditions  are  applied  to  yield  Er(0)  and  <f>R( 0). 

(2) .  Fourth-order  Runge-Kutta  is  used  to  propagate  the  field  amplitudes  and  phases  across  the 
resonator. 

(3) .  The  boundary  conditions  at  mirror  B  are  applied  to  determine  the  injected  phasor  E/  required 
to  lock  the  laser. 

(4) .  Since  the  theory  was  developed  under  the  assumption  that  </>/  is  the  reference  phase,  the  three 
phasors  at  mirror  B  are  rotated  so  that  < =  0.0.  (Note  that  the  actual  values  of  the  phases  are 
unnecessary;  only  the  phasor  relationship  at  the  mirror  is  of  importance.) 

(5) .  The  gains  G i  and  G 2  are  calculated,  if  desired. 

The  above  steps  are  used  to  calculate  the  fields  in  the  laser  for  a  single  value  of  intensity  Il( 0) 
at  mirror  A.  In  order  to  generate  a  cubic  curve,  the  injected  fields  for  a  set  of  /l(0)  values  must  be 
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computed.  It  is  interesting  to  note  that  generating  the  cubic  curves  involves  calculating  the  abscissae 
//  for  a  range  of  ordinates  /*,( 0).  This  is  contrary  to  the  usual  manner  of  generating  a  plot;  i.e., 
calculating  the  ordinate  corresponding  to  each  abscissa.  Ferguson  (87,  88)  has  demonstrated  for  his 
model  that  one  and  only  one  value  of  //  exists  for  each  value  of  /^(z  =  0)  if  mirror  A  is  perfectly 
reflective.  //  is  thus  a  function  in  the  mathematical  sense  of  /l(0).  It  is  likely  that  the  same  is  true 
for  the  TWL  and  TWURL  models.  Consequently,  the  complete  set  of  //  values  can  be  generated 
for  the  cubic  curve  with  the  above  algorithm. 

Algorithm  Specifics.  As  with  the  other  numerical  methods,  the  Runge-Kutta  step  size  h  was 
hardwired  equal  to  0.01.  Since  only  a  single  propagation  is  required  to  calculate  //  for  a  given  //,( 0) 
value,  the  routine  is  quite  fast. 

A  precaution  is  required  in  the  calculation  of  4>l  due  to  a  peculiarity  of  the  VAX  FORTRAN 
compiler  (version  V4.0)  intrinsic  function  DATAN2.  The  computer  codes  calculate  the  real  and 
imaginary  parts  of  E/  from  the  boundary  conditions  at  mirror  B.  The  DATAN2  function  is  then 
used  to  calculate  <f>i-  Erroneous  values  of  the  phase  can  be  returned  if  one  of  the  arguments  of 
the  DATAN2  function  is  zero.  An  error  is  generated  if  both  arguments  are  zero.  Additional  logic 
was  written  into  the  codes  to  handle  situations  in  which  of  one  or  both  of  the  arguments  was  equal 
to  zero.  The  chance,  however,  of  either  argument  being  exactly  equal  to  zero  is  extremely  small. 
Numerical  errors  and  noise  will  usually  preclude  either  value  from  being  identically  zero,  even  if  the 
laser  is  operated  at  the  free-running  point. 

Time-Dependent  Intensity  Calculations 

The  final  class  of  problems  examined  involves  time-dependent  calculations  of  the  laser  intensi¬ 
ties,  phases,  and  frequencies.  The  calculations  can  be  performed  for  both  free-running  and  injected 
lasers.  The  calculations  can  be  used  to  demonstrate  the  buildup  of  laser  intensity  from  noise,  pulling 
of  the  laser  frequency  to  the  injected  frequency,  and  beating  of  the  injected  signal  with  the  free- 


running  laser  field. 


Originally,  all  numerical  analyses  in  this  research  project  were  to  be  performed  with  the  time- 
dependent  codes.  However,  problems  with  numerical  stability  and  very  high  computer  costs  forced 
the  analyses  to  be  done  with  the  steady-state  codes.  Only  the  stability  of  the  cubic  curves  and  the 
dynamics  of  locking  were  studied  with  the  time-dependent  codes.  The  Fabry-Perot  laser  alone  was 
modeled  numerically. 

The  numerical  routines  are  discussed  at  length  in  this  section.  The  reasons  for  the  detail 
are  twofold.  First,  considerable  effort  was  required  in  order  to  make  the  codes  function  properly. 
Approximately  six  months  were  spent  developing  the  codes.  Second,  obtaining  numerically  stable 
and  converged  results  for  partial  differential  equations  is  often  quite  difficult.  As  noted  in  (163): 

The  methodology  for  numerical  solution  of  partial  differential  equations  tends  to  be 
much  more  subtle  than  solution  of  ordinary  differential  equations,  and  one  finds  that  strong 
results  concerning  error  bounds,  convergence,  and  stability  are  dependent  on  the  charac¬ 
teristics  of  the  particular  partial  differential  equation  being  studied.  Especially  lacking 
are  general  methods  and  convergence  bounds  in  the  nonlinear  case.  This  weakness,  diver¬ 
sity,  and  specificity  of  results  parallels  and,  in  part,  stems  from  a  similar  condition  in  the 
analytic  theory  of  partial  differential  equations  . . . 

Several  subtle  “tricks”  derived  from  general  knowledge  of  the  solution  characteristics  were  necessary 
to  make  the  codes  numerically  stable.  Additional  detail  in  this  section  is  warranted  to  explain  these 
tricks.  Future  attempts  to  solve  similar  partial  differential  equations  may  benefit  from  the  lessons 
learned  in  the  present  research. 

Background.  The  equations  used  in  the  time-dependent  calculations  are  listed  in  Table  VI. 
The  equations  of  motion  are  a  set  of  nonlinear,  coupled  partial  differential  equations  (PDEs).  The 
equations  are  similar  in  form  to  hyperbolic  PDEs.  The  difference  lies  in  the  fact  that  the  time 
derivatives  <pn  and  ipi  exist  on  the  right-hand  sides  of  Eq  (3.8).  These  derivatives  cannot  be 
factored  to  the  left-hand  sides  of  the  equations.  The  homogeneous  form  of  Eq  (3.8)  is,  however,  a 
set  of  hyperbolic  PDEs. 

A  wide  variety  of  explicit  and  implicit  numerical  routines  were  examined  for  use  with  the  PDEs. 
The  various  techniques  were  tested  on  the  PDEs  governing  the  propagation  of  a  pulse  through  a 


laser  amplifier.  Frantz  and  Nodvik  (114)  give  these  equations  as: 


dn  drt 

— — h  c-t—  =  crcnA 
dt  dz 


3A 

dt 


-  —2acnA 


(B.  16a) 
(B.16b) 


where  n(z,  t)  is  the  photon  density  inside  the  amplifier,  A (z,  t)  is  the  population  inversion  density, 
c  is  the  speed  of  light,  and  a  is  the  resonance  absorption  cross  section.  The  amplifier  is  assumed 
to  have  an  optic  axis  z,  where  0  <  z  <  L.  For  a  given  initial  inversion  density  Ao(z,  0)  and  input 
beam  n(0,  t),  the  general  solution  of  Eq  (B.16)  is  given  by: 

n0(t  -  z/c) 


n(z,t)  = 


1  —  <  1  —  exp 


X 

-a  j  Aojz')  dz' 


1 

t-  m/c 

►  exp 

—2 ac  J no(t')  dt' 

—  OO 

(B.17a) 


A(z,  t)  = 


A0(z)  exp 

X 

-o  J  A0(z')  dz' 

o 

exp 

t  -  z/c 

lac  /  n0(t')  dt' 

J 

+  exp 

X 

-c r  f  Ao(z')  dz1 

-  i 

—  OO 

L  o 

J 

(B.17b) 


For  the  special  cases  of  square,  Lorentzian,  or  Gaussian  input  pulses  and  uniform  initial  inversion 
densities,  the  equations  for  n(z,  t)  and  A(z,  t)  reduce  to  simple  expressions.  These  special  cases  were 
used  in  the  tests  of  the  various  numerical  methods. 

The  explicit  techniques  generally  performed  much  better  than  the  implicit  methods.  The  nu¬ 
merical  solutions  from  the  implicit  methods  tended  to  be  very  noisy,  especially  at  the  edges  of  the 
pulses.  Deviations  of  10%  or  greater  from  the  analytic  solutions  were  often  noted.  The  noise  problem 
had  a  very  interesting  origin.  In  all  cases,  the  initial  photon  density  inside  the  amplifier  was  set  equal 
to  zero.  However,  after  the  first  time  step,  n(z,  t)  would  be  nonzero  at  every  spatial  point  in  the 
amplifier.  The  implicit  methods  were  thus  generating  and  propagating  noise  beyond  the  leading  edge 
of  the  pulse.  Examining  the  matrix  equations  of  the  implicit  methods  showed  this  to  be  a  general 
characteristic.  The  noise  could  grow  to  the  point  where  it  would  partially  deplete  the  inversion  in 


front  of  the  pulses.  This  would  create  large  errors  in  the  calculated  solutions.  The  explicit  methods 
were  very  accurate;  the  numerical  solutions  often  were  indistinguishable  from  the  analytic  solutions. 
The  primary  disadvantage  of  the  explicit  techniques  was  that  they  required  considerably  more  time 
steps  per  run  than  the  implicit  methods.  A  pair  of  explicit  methods  was  chosen  for  the  Fabry-Perot 
laser  calculations  because  of  the  numerical  accuracy. 

The  Numerical  Techniques.  Two  explicit  methods  are  used  in  the  numerical  computations.  A 
modified  Heun  technique  described  by  Wendroff  (164)  is  used  to  calculate  the  fields  inside  the  laser. 
The  method  cannot  be  used  at  the  laser  mirrors,  however.  A  less  accurate  technique  developed  by 
Courant,  Isaacson,  and  Rees  (165)  is  employed  at  the  mirrors.  This  method  will  be  referred  to  as 
the  C-I-R  technique. 

The  modified  Heun  method  is  an  outgrowth  of  the  Heun  technique  used  with  ordinary  differential 
equations.  The  method  is  composed  of  four  steps.  The  space-time  plane  is  divided  into  a  rectangular 
grid  with  mesh  points  (z^tj),  as  depicted  in  Figure  B.l.  The  space  and  time  steps  are  given  by  h 
and  k,  respectively: 


2<+i  =  Zi  +  h. 

(B.18a) 

ty+i  —  tj  +k 

(B.18b) 

The  laser  equations  of  motion  can  be  written  in  the  following  generic  form: 


dB  ,dB 


(B.19) 


where  B  is  either  a  field  amplitude  or  phase  and  g(B)  is  a  general  representation  of  the  driving 
functions.  If  B\  denotes  B  at  the  mesh  point  (Si,t;),  then  the  modified  Heun  method  can  be 
written  as: 


&  +  B>i+l 


^+1/a“^:FS(^"^a)+5sK^) 


(B.20a) 

(B.20b) 
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Figure  B.l.  The  rectangular  grid  used  with  the  modified  Heun  method. 


(B.20c) 

(B.20d) 


Following  the  equations  listed  above,  the  fields  and  phases  at  time  tl+ 1  can  be  calculated  from 
the  values  at  time  t, .  The  method  is  self-starting:  only  the  initial  values  at  to  are  required  for 
the  method  to  commence.  Unfortunately,  the  fields  at  the  mirrors  cannot  be  calculated  with  this 
method.  Some  other  technique  is  required  to  produce  these  functional  values. 

The  derivatives  ipR  and  are  required  at  each  step  of  the  calculation,  as  these  terms  are  part 
of  the  right-hand  sides  of  the  equations.  The  backwards  difference  operator  is  used  to  obtain  the 


derivatives: 


9<Pr.L  K.L  -  K.L  <t>R.L  -  •t’R.L  2 

- = —  as  - x -  - s - 

dt  k  k/2 

The  backwards  difference  operators  are  first-order  techniques,  with  truncation  errors  of  0(k ).  Cen¬ 
tral  difference  methods,  with  errors  of  0{k2)  are  not  practical  for  use  with  the  modified  Heun 
method. 

The  modified  Heun  method  has  a  truncation  error  of  0(k 3)  for  a  set  of  PDEs  of  the  general 
form: 

+  ^(a(«.f)5)  =  g(2,t,B)  (B.22) 

where  a(z,t)  is  a  symmetric  matrix.  The  TWL  equations  are  similar  in  form,  except  that  g  is  a 
function  of  <Pr,l-  The  actual  accuracy  will  be  somewhat  less  than  of  0(k 3),  since  the  backwards 
difference  operators  are  used  to  approximate  the  phase  time  derivatives.  For  the  hyperbolic  system 
given  in  Eq  (B.22),  the  modified  Heun  method  converges  in  the  mean  square  sense  provided  that: 


( B.  2 1 ) 


k 

h 


<  1 


(B.23a) 


where: 

la(5’ *UP  =  ™=arxu  M  (B-23b) 

is  the  spectral  radius  of  a(5,f).  Eq  (B.23)  implies  that  the  step  sizes  must  satisfy  the  relationship: 


(B.24) 


in  order  for  the  modified  Heun  method  to  be  convergent. 

The  method  is  computationally  intense.  To  advance  the  fields  in  time  from  mesh  point  (z, ,  ty) 
to  (z,-,tJ+i),  twelve  evaluations  of  g  must  be  performed  (three  separate  evaluations  of  each  of  the 
four  g  functions).  To  lower  the  computational  load,  the  grid  spacing  can  be  increased.  This  reduces 


the  accuracy  of  the  numerical  solution.  A  balance  must  be  struck  between  the  solution  accuracy 
and  the  computational  loading. 

As  mentioned  above,  the  modified  Heun  method  cannot  be  used  to  calculate  the  electric  fields 
at  the  mirrors.  The  C-I-R  method  is  used  at  these  boundaries.  The  form  of  the  equations  is  s  lightly 
different  at  each  mirror.  At  mirror  A,  the  equations  are  given  by: 

B{+1  =  B{  +  ~  Bi)  +  M^i).  B>  6  (B.25a) 

The  values  of  £/?  and  <f>R  are  calculated  from  the  boundary  conditions.  At  mirror  B,  the  expressions 
are: 

Bfl  =  (b{  -  +kg{B’n),  B{  G  (£*,*/?)  (B.25b) 

&L  and  4>l  are  calculated  from  the  boundary  conditions  at  mirror  B.  As  in  the  modified  Heun 
method,  backwards  difference  quotients  are  used  to  approximate  the  time  derivatives  on  the 

right-hand  sides  of  the  TWL  equations. 

The  C-I-R  method  has  a  truncation  error  of  O(fc).  This  error  is  due  to  the  first-order  difference 
methods  that  replace  the  partial  derivatives  in  the  TWL  equations.  The  method  is  convergent  if  the 
step  sizes  satisfy  the  condition  given  in  Eq  (B.24).  The  C-I-R  technique  is  self-starting,  so  only  the 
field  values  at  time  to  are  required  to  begin  a  calculation. 

Algorithm  Specifics.  The  modified  Heun  and  C-I-R  methods  tend  to  be  numerically  stable  over 
very  limited  regions  of  the  laser  parameter  space.  The  stability  is  quite  sensitive  to  the  initial  and 
boundary  conditions.  The  phase  equations  are  particularly  susceptible  to  numerical  noise  as  a  result 
of  the  <prt,L  terms  on  the  right-hand  sides  of  the  equations.  A  set  of  “tricks”  or  fixes  to  the  initial 
and  boundary  conditions  and  the  phase  equations  were  used  to  make  the  numerical  methods  stable 
over  much  wider  regions  of  the  parameter  space.  These  fixes  are  described  below. 

The  first  trick  involves  the  initial  fields  amplitudes  £/?(■?<,  to)  and  £x(z, ,  to).  The  first  version 
of  the  code  set  the  initial  field  amplitudes  equal  to  some  small  constant  value.  Thus,  the  fields 


were  assumed  to  be  spatially  uniform.  For  low  values  of  reflectivity  at  mirror  B  ( r q  <  0.70),  the 


calculations  would  “blow  up”.  This  instability  can  be  understood  by  examining  Figure  B.2.  During 


the  initial  several  time  steps,  the  field  amplitudes  rise  uniformly  throughout  the  left  half  of  the  laser. 


However,  a  discontinuity  in  evolves  in  the  right  half  of  the  device.  The  discontinuity  is  due  to 


the  boundary  conditions  at  mirror  B.  At  the  first  time  step,  £x(z„,t i)  is  given  by  (without  an 


injected  field): 


EL(zn,t  t)  =rD£n(zn,t ,) 


(B.26) 


The  adjacent  field  amplitude,  Ei(zn- 1,  ti),  is  approximately  equal  to  En(zn,t i).  The  discontinuity 


propagates  throughout  the  laser,  as  shown  in  the  sequence  of  plots.  Eventually,  if  rg  is  high  enough, 


the  field  amplitudes  reach  steady-state.  However,  if  tb  is  relatively  low,  £l(z„,  t})  can  be  driven 


negative.  On  the  next  time  step,  the  algorithm  blows  up.  The  discontinuity  manifests  itself  in  the 


sawtooth  behavior  of  the  output  laser  intensity,  as  seen  in  Figure  B.3. 


The  initial  field  amplitudes  can  be  modified  to  resolve  the  stability  problem.  One  such  modi¬ 


fication  uses  linearly  varying  initial  field  amplitudes.  A  small  value  of  E«(zn,to)  is  chosen  by  the 


user,  and  the  other  field  values  at  the  mirror  are  set  equal  to: 


^{.(^nito)  —  T  B  &  R  (^n  ,  t()) 


(B.27a) 


£r.l{z  l.to) 


&R  (im  (o)  + 


(B.27b) 


The  initial  amplitudes  vary  linearly  between  these  values  elsewhere  in  the  laser.  This  initial  condition 


provides  numerically  stable  results  except  when  rc  is  within  a  few  percent  of  its  threshold  value.  The 


sawtooth  nature  of  f„ut  is  markedly  reduced.  For  values  of  approaching  threshold,  the  numerical 


methods  are  again  unstable. 


A  second  form  of  the  field  amplitude  initial  conditions  uses  scaled  steady-state  fields.  The 


steady-state  fields  for  the  laser  are  calculated  as  described  in  Section  1.  The  laser  frequency  is  given 


(B.28) 


(The  correct  expression  for  the  frequency  is  given  in  Eq  (7.5).  However,  this  expression  had  not 
been  obtained  when  the  time-dependent  codes  were  written.)  The  steady-state  field  amplitudes  are 
scaled  by  some  factor,  typically  in  the  range  [0.01,0.05).  The  scaled  amplitudes  are  then  used  as  the 
initial  conditions.  This  technique  works  extremely  well  when  the  laser  is  free-running.  The  numerical 
routines  are  stable  for  values  of  approaching  threshold.  The  sawtooth  ripples  on  /„ut  are  virtually 
eliminated.  The  initial  condition  also  works  quite  well  when  an  injected  signal  is  present.  This  initial 
condition  was  implemented  in  the  computer  codes. 

The  initial  conditions  for  the  field  phases  and  phase  time  derivatives  must  be  carefully  chosen 
in  order  to  obtain  numerically  stable  results.  The  phase  calculations  are  very  sensitive  to  noise  and 
prone  to  numerical  instabilities.  Small  phase  errors  can  lead  to  wild  behavior  in  the  calculations. 
For  example,  typical  values  of  ip  and  h  are: 

ip  »  1.5 

h  «  0.01 

For  convergence,  k  <  6.67  x  10-3.  An  error  in  phase  on  the  order  of  the  time  step  can  create  a 
frequency  error  approximately  equal  to  the  linewidth  of  the  laser.  Such  an  error  will  suppress  the 
gain  if  the  lasing  frequency  is  shifted  a  significant  distance  from  linecenter.  The  first  set  of  initial 
conditions  tested  used  constant  phases  across  the  laser.  This  set  would  often  lead  to  the  form  of 
instability  described  above,  especially  at  mirror  B.  Clearly,  the  initial  conditions  must  be  carefully 
chosen  in  order  to  avoid  numerical  problems. 

The  initial  conditions  finally  implemented  are  based  upon  the  frequency  of  the  injected  signal. 
In  a  round  trip,  the  phase  of  the  laser  must  change  by  2mir  radians,  where  m  is  some  integer.  When 
operating  at  a  nonresonant  injected  frequency  £/,  the  round  trip  condition  is  not  satisfied,  as: 

2kL  =  2nn+d  (B.29) 

where  i?  is  defined  in  Eq  (3.27).  The  round  trip  condition  is  only  preserved  when  the  injected  field 


is  vectorally  added  to  the  laser  field,  as  depicted  in  Figure  3.5.  However,  to  avoid  large  frequency 


shifts  due  to  phase  errors,  the  6  term  must  be  accounted  for  in  the  initial  conditions.  The  excess 
phase  A<£  in  a  round  trip  due  to  the  mirror  reflection  coefficient  phases  and  t?  can  be  approximated 


A 4>  =  2x  -  4>rA  —  4>rd  ~ 


(B.30) 


This  phase  error  must  be  distributed  uniformly  across  the  resonator  in  the  initial  conditions  in  order 
to  avoid  frequency  shift  problems.  By  defining  a  fractional  phase  change  as: 

A  4> 


5<p  = 


2(n-l) 

2?r  -  4>rA  ~  4>rb  ~  $ 
2(n-l) 


(B  31) 


where  n  is  the  number  of  grid  points  in  the  z  direction,  the  initial  conditions  for  the  phases  can  be 
written  as: 


4>ri(zi,io)  =  ~4>ra  (B.32a) 

=  4>r(z>,  to)  ~S4>  (B.32b) 

H(2i,  t‘o)=0  (B.32c) 

i,  <o)  +  &4>  (B.32d) 


Again,  the  actual  values  of  the  phases  are  unimportant;  only  the  phase  differences  between  adjacent 
mesh  points  are  of  concern.  Consequently,  i>^o)  is  arbitrarily  set  equal  to  zero.  Since  the 

phase  time  derivatives  <pr  and  are  unknown,  they  are  initially  set  equal  to  zero.  This  condition 
undoubtedly  causes  some  noise  and  transient  behavior  in  the  numerical  solutions.  If  a  prion  knowl¬ 
edge  of  the  phase  time  derivatives  existed,  the  stability  of  the  runs  could  be  improved  through  a 
better  initial  condition.  Overall,  the  pair  of  initial  conditions  worked  well  in  the  computer  codes. 

The  third  trick  with  the  numerical  routines  involves  the  phase  calculations  from  one  time  step 
to  the  next.  Under  certain  circumstances,  the  values  of  cai>  t>e  extremely  large,  thus  forcing 

the  laser  gain  to  be  approximately  zero.  Suppressing  the  gain  in  one  time  step  generally  causes  the 
numerics  to  become  unstable  and  blow  up.  The  problem  stems  from  the  fact  that  the  phases  are 


constrained  to  lie  in  the  range  (  — tt,  tt].  Depending  upon  the  progression  of  the  calculations,  the 


following  situations  can  arise: 


4>r(z t,tj)  =  *  ~  «t 
4>n(zi ,  fj  +  i)  =  +  £2 


i  fj)  =  -ir  +  £3 
ty+i)  =  *■  ~  e* 


where  the  £,  are  some  small  constants.  The  time  derivatives  are  given  by. 


d  x  ..  .  ,  2?r 

-79>/?(A.  tj  +  i)  »  -f 

dt  k 


For  a  value  of  A:  =  6.6  x  10-3,  pa  »  950.  Similar  situations  can  occur  for  $/.(£»>£ j)-  To  prevent 
this  from  happening,  additional  logic  is  incorporated  into  the  routines  to  check  for  single-step  phase 
changes  on  the  order  of  2 ir.  If  such  a  change  is  detected,  the  actual  values  of  the  phases  are  used 
in  the  derivatives,  not  the  values  in  the  range  (— jr,  tr],  In  this  manner,  large  values  of  pa.L  are 
avoided.  A  related  problem  with  the  spatial  derivatives  exists,  but  is  much  less  likely  to  occur. 

Even  with  the  previous  modifications,  the  numerical  routines  work  poorly  when  the  laser  is 
operated  off  linecenter  or  when  0,  /  u.  The  problem  is  partially  due  to  the  phase  time  derivatives 
on  the  right-hand  sides  of  the  phase  equations.  The  two  equations  can  be  rewritten  in  more  stable 
forms.  Consider  the  <f>a  equation.  Two  of  the  pa  terms  on  the  right-hand  side  can  be  factored  to 
the  left-hand  side  of  the  equation: 


|1+(A Q  -  pa^s/A2- B2  -  C2  + 


A2  -B2  -  C 2 


These  forms  of  the  phase  equations  dramatically  improve  the  stability  of  the  numerical  methods, 
thus  allowing  exploration  of  a  wider  range  of  the  parameter  space. 

A  comment  must  be  made  about  the  convergence  criterion  given  in  Eq  (B.23).  Since  i>n.L  <  V1. 


t,  h  h 

k  <  —  <  - 

V  ' pR.L 


Consequently,  the  convergence  criterion  given  in  Eq  (B.24)  is  still  valid. 


(13.34) 


Additional  Modifications.  Several  other  steps  can  be  taken  to  increase  the  stability  of  the 


numerical  routines.  These  modifications  were  not  implemented;  in  retrospect,  they  could  potentially 
improve  the  performance  of  the  computer  codes.  Most  of  the  ideas  presented  below  came  about 
after  the  time-dependent  research  was  completed.  Future  work  with  the  PDEs  may  benefit  from  the 
modifications  listed  below. 

The  first  modifications  involve  solutions  of  the  PDEs  in  the  free-running  laser  case.  As  with 
the  steady-state  solutions  for  this  case,  only  the  electric  field  amplitude  equations  are  required  if 
the  steady-state  frequency  is  known  exactly.  From  Chapter  VII,  the  steady-state  lasing  frequency  is 


given  by: 


At  =  Au i 


=  Adi  -  ipL 


1  +  J In 


(7.5b) 


T2  ?3  Lg 


This  frequency  can  be  calculated  a  priori.  Substituting  At  for  the  frequency  terms  Adi  —  <pn.L  in 
the  field  amplitude  equations  gives: 


d&R  ,  ,  d&n  _  &R  ,  .  _ £r _ ,  1  ( , _ A  \  .  , 

dt  *  dz  f2  W'q  (1  +  At2)vM2  -  52  +  2?i  Er  V  y/A 2  -  D2  ) 


dtL  d£L 

dt  dz  f2 


(1  +  Af2)\/A2  -  B2  2 h&L 


'A1  -  B2 


(B.35b) 
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(B.36a) 


where: 


A  = 


.  ,  *i(&n  +  £l) 
i  +  a  p 


in  £rJ£l 

i  +  a  i2 


(B.36b) 


Eq  (B.35)  is  not  an  approximation  to  the  TWL  equations-it  is  merely  a  simplification.  Note  that 
the  right-hand  sides  of  Eq  (B.35)  are  not  functions  of  4>r,l  or  <pr,l-  With  only  two  PDEs  to  solve, 
Eq  (B.35)  represents  a  considerable  decrease  in  complexity  of  the  time-dependent  TWL  equations. 

An  improved  set  of  initial  conditions  can  be  obtained  following  Brown’s  approach  (28).  The 
method  entails  solving  Eq  (B.35)  in  the  limit  of  very  weak  fields.  A  derivation  parallel  to  Brown’s 
yields: 


£«(*)!,• 


o 


£r(L) 

£r{Zr) 


o  <  z  <  iL 

t-L  <  2  <t.R 

in  <  Z  <  1 


(B.37a) 


and: 


^WLo- 


£l(L) 
^o{jArDY12 
l  &l(£r) 


o  <  2  <  iL 

II  <z<Ir 
Ir<S<  1 


(B.37b) 


with: 

-  _  z  —  Ll 
?  "  Ir  -  II 


(B.37c) 


Ir.l  are  the  right  and  left  edges  of  the  gain  medium  (normalized  units)  and  &o  is  some  small  initial 
field  value.  Eqs  (B.35)-(B.37)  should  dramatically  improve  the  stability  of  numerical  routines  for 
the  free-running  laser.  Convergence  is  assured  if  the  modified  Heun  method  is  used  to  solve  the 
equations. 
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^14  =  ^1  + 


[1  +  (Aw  -  <Pl)2\VA2  -  B2  -  C2 


^  hEPL{A+(<pL-^>R)2\\  sjA2  -  W  -  C2 


(B.38e) 


i>L2  =  Z~K 

A  P 


hE2L[\  +  (<pL  -  <Pr)2] 


/ A 2  -  B2  -C2 


x  1  + 


[1  +  (Aw  -  Pl)21VA2  -  B2  -C2 


+  _ _ *S _  i-  ?  d 

f1f^(4+(^-vift)2]\  \! A2  -  B2  —  C2 


(B.38f) 


The  derivatives  that  cause  most  of  the  numerical  instabilities  have  been  isolated  on  the  left-hand 
sides  of  the  equations.  The  remaining  phase  time  derivatives  occur  in  three  terms: 


term  1  = 


term  2  = 


term  3  = 


4  +  (<Pl 


_i _ u _ * _ ) 

i>L-<PR)2\  s/a 2  -  B*  -C2) 


[1  +  (Aw  -  <pR)2\s/A2-  B2  -  C* 


(1  +  (Aw  -  >pl)2WA2  -  B2  -C2 


If  the  effects  of  <Pr,l  on  terms  1-3  are  small,  then  the  derivatives  can  be  dropped  with  possibly  little 
impact  on  the  numerical  solutions  of  the  PDEs.  A  worst-case  analysis  has  indicated  that  neglecting 
the  time  derivatives  in  term  1  c  ses  less  than  a  7%  error  for  <pR.i,  <  0.2.  In  terms  2  and  3,  the 
error  is  less  than  3.5%.  If  the  variations  in  Pr.l  are  less  than  0.1,  then  the  errors  for  terms  1  and  2 
(or  3)  are  3.5%  and  0.9%,  respectively.  It  should  be  possible,  to  a  good  approximation,  to  suppress 
the  time  derivatives  of  the  phases. 


Suppressing  the  phase  time  derivatives  leads  to  the  following  set  of  PDEs: 


3&r  td&R  . 

—r  + 


(1  -t-  Aw2)\/ A2  —  B 2  2 Ti^r 


d&L  _  4~  _ &L _ L _ 1 _ ( , 

di  V  dz  f2  Wrq  (1  +  Aw 2)\/A2  -B2  2 h&L  V 


/A2  -  B2 


'  A 2  -  B2 


(B.39a) 


(B.39b) 


md: 


A  =  1  + 


u(ih±Mi 

1  +  At i2 


(B.39i) 


2?l  Ep  &l 
1  +  Aw2 


(B.39j) 


Following  Brown’s  approach  as  before,  the  initial  conditions  in  complex  form  can  be  derived: 


ER(iL)  eKp[-i<f>n{iL)] 


o  <  z  <  iL 


tR(z)e-^%=0= 


EuTA{rATDe'*)  (/2  + 


r aEj  exp[qf3(l  +  c)/2] 

1  -  rArDc'»eq*> 


£l  <  z  <  Lr 


i  £n(£n)  exp[-t^/j(£/j)] 


in  <  z  <  1 


(B.40a) 


and: 


t=0 


exp[-i0£.(4)] 

1  -  rAToe")eqT3 
El^r)  exp[-t^£,(£fi)j 


0  <z<lL 


h<z<ln  (B-40b) 


Ir  <  Z  <  1 


with: 

<3  =  — t^r'  —  ffAti  —  Am)  —  —  (B.40c) 

1  +  lAu!  T2 

If  £7/  =  0  (the  free-running  condition),  Eq  (B.40)  reduces  to  Eq  (B.37).  The  initial  conditions  are 
based  upon  the  exact  TWL  equations  in  the  limit  of  small  fields;  they  can  be  used  with  either 
Eqs  (3.8)-(3.9)  or  Eq  (B.39). 

Eq  (B.39)  is  a  true  hyperbolic  set  of  PDEs.  Unfortunately,  the  modified  Heun  method  cannot 
be  used  to  solve  the  equations.  A  linear  transformation  does  not  exist  that  will  render  the  PDEs 
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into  the  form  required  by  this  technique.  However,  linear  transformations  exist  that  will  convert  the 
equations  into  the  normal  form.  The  C-I-R  method  can  then  be  used  to  solve  the  set.  If  the  loss  of 
accuracy  due  to  the  suppression  of  the  <pn,L  terms  and  the  use  of  the  C-I-R  method  is  outweighed 
by  an  increase  in  stability  of  the  solutions,  then  the  use  of  Eq  (B.39)  with  the  C-I-R  method  is 
warranted. 

Run  Specifics  and  Characteristics.  The  computer  codes  based  upon  the  above  discussions  had 
several  interesting  run  characteristics.  “Rules  of  thumb"  that  enhanced  the  numerical  stability 
emerged  as  the  codes  were  used.  The  run  constants,  rules  of  thumb,  and  run  characteristics  are 
described  below. 

In  all  runs,  the  number  of  spatial  steps  is  set  equal  to  101.  Thus,  h  =  0.01.  With  t/<  =  1.5, 
the  convergence  criteria  dictate  that  k  <  6.667  x  10-3.  Some  experimentation  is  usually  required  to 
obtain  values  of  k  that  produce  numerically  stable  results.  As  a  general  rule,  stability  is  enhanced 
as  k  approaches  6.667  x  10~3. 

A  large  number  of  time  steps  are  usually  required  in  order  for  the  transients  to  die  out.  40,000 
to  200,000  time  steps  are  often  necessary.  This  leads  to  exorbitant  computer  costs.  For  200,000  time 
steps,  approximately  10  minutes  of  CPU  time  on  a  CRAY  IS  computer  is  required.  The  costs  are 
exasperated  when  experimentation  is  necessary  to  determine  k  values  that  produce  stable  numerics. 
The  high  costs  exist  despite  vectorization  of  all  possible  loops  and  other  code  optimizations. 

The  magnitude  of  the  initial  field  amplitudes  impact  the  number  of  time  steps  required  to  reach 
steady-state.  If  the  initial  amplitudes  are  very  low,  the  time  required  for  the  fields  to  rise  can  be 
quite  long.  On  the  other  hand,  if  the  initial  field  amplitudes  are  relatively  high,  the  laser  turn-on 
transients  are  lost.  Generally,  if  the  initial  amplitudes  are  one-tenth  to  one-twentieth  of  the  steady 
state  amplitudes,  the  turn-on  transients  are  not  lost  and  the  run  times  are  limited  to  reasonable 
values. 

The  solutions  of  the  TWL  equations  undergo  initial  numerical  transients.  These  transients  are 
due  to  the  numerical  techniques,  initial  conditions,  and  boundary  conditions.  They  are  distinct  from 
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the  transients  due  to  the  laser  behavior  described  in  the  previous  paragraph.  The  transients  in  the 
free-running  laser  case  are  relatively  mild.  The  boundary  conditions  described  above  help  minimize 
the  transient  behavior. 


In  the  injected  laser  case,  the  transients  can  be  severe  enough  to  lead  to  numerical  instabilities. 
The  field  amplitude  transients  arise  due  to  a  mismatch  in  the  boundary  conditions  at  mirror  B, 
similar  to  that  depicted  in  Figure  B.2.  The  damping  time  can  be  decreased  significantly  by  an 
appropriate  choice  of  initial  field  amplitudes.  If  the  initial  field  amplitudes  are  large  compared  to 
injected  signal,  the  amplitude  transients  damp  out  quickly.  If  the  injected  signal  is  comparable  to  the 
initial  amplitudes,  the  transients  will  linger  for  a  longer  time.  The  phase  transients  are  more  severe 
than  the  amplitude  transients.  This  is  due  to  two  factors.  First,  the  initial  values  of  pn.L  are  set 
equal  to  zero.  This  introduces  discontinuities  that  must  decay.  Second,  since  terms  containing  <pn,L 
exist  on  the  right-hand  sides  of  both  phase  equations,  the  phases  will  necessarily  be  more  sensitive 
to  noise  and  transients.  Using  Eq  (B.39)  as  the  laser  model  may  lessen  the  impact  of  the  phase 
transients  and  decrease  the  damping  times. 

Summary 

The  numerical  algorithms  for  the  four  problem  classes  were  outlined  in  this  appendix.  The 
specific  numerical  methods  and  accuracies  were  given.  Details  about  numerical  constants,  initial 
conditions,  boundary  conditions,  and  solution  characteristics  were  discussed  where  appropriate. 
Finally,  some  suggestions  to  improve  the  performance  of  the  time-dependent  codes  were  given. 


APPENDIX  C 


Injected  Laser  Data 

A  large  volume  of  data  was  collected  during  the  analyses  of  the  injected  lasers.  Over  fifty 
contour  and  slice  plots  were  produced  for  each  data  set.  In  order  to  reduce  the  number  of  figures 
in  Chapter  VII,  the  injected  laser  plots  for  data  sets  27  and  36  are  included  in  this  appendix.  Only 
those  representative  plots  required  to  display  the  main  data  trends  are  included  herein.  The  plots 
from  these  two  sets  are  typical  of  the  results  seen  data  sets  27-38  (injected  Fabry-Perot  lasers). 

Figures  C.1-C.17  display  the  behavior  of  //j(0),  or  equivalently  7j.(0),  in  the  (AS,  rjj)  plane. 
Figures  C.18-C.34  are  plots  of  the  injected  intensity  //.  The  behavior  of  the  system  gain  Gj  is 
depicted  in  Figures  C.35-C.51.  Finally,  plots  of  the  gain  C2  are  displayed  in  Figures  C.52-C.70. 
Since  the  four  observables  vary  over  several  orders  of  magnitude  in  each  contour  plot,  the  observables 
are  logarithmically  scaled.  That  is,  log10  F  are  depicted  in  the  contour  plots,  where  F  is  the 
observable  of  interest. 

All  plots  from  data  set  27  are  symmetric  about  the  line  Ao  =  0.0.  This  arises  because  the 
free-running  mode  is  set  at  the  atomic  gain  linecenter  (At  =  0.0).  The  gain,  and  therefore  the  plots, 
are  symmetric  about  the  line  Ao  =  0.0.  Since  At  yt  0.0  in  data  set  36,  the  plots  from  this  set  are  not 
symmetric  about  the  line  Ao  =  0.0.  The  data  in  the  plots  were  obtained  using  the  exact  expression 
for  Eq  (3.27b). 
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Figure  C  29.  lj  vs  A o  (data  set  30) .  rD  -  0.75.  The  curve  is  taken  from  the  MC',2  operating  point 
data. 
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Figure  C.37.  logJ0Gi  contours  at  the  MG1  point  (data  set  27). 
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Figure  C.51.  Gi  vs  rD  (data  set  36).  A o  =  ±0.040.  The  curves  are  taken  from  the  MG2  operating 
point  data. 
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Figure  C.59.  log10G2  contours  at  the  MG2  point  (data  set  36).  The  data  is  from  as  large 
rectangular  region  in  the  (Ad,  r/j)  plane  as  possible. 
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A  large  number  of  symbols  were  used  in  the  previous  text.  The  following  glossary  lists  each 
symbol,  presents  a  short  explanation  of  the  symbol,  and  references  the  pages  on  which  the  symbol 
is  defined  and  first  used.  The  definition  and  first  use  pages  are  listed  following  the  explanations, 
in  the  form  (definition:first  use).  The  caret  or  “hat”  accent  denoting  a  normalized  variable  is  not 
used,  as  many  of  the  variables  exist  in  both  normalized  and  unnormalized  form.  Some  symbols 
have  multiple  definitions;  the  applicable  meanings  are  clear  from  the  text  in  which  such  symbols 
are  used.  Boldface  symbols  are  generally  complex  quantities;  the  corresponding  amplitudes  are  in  a 
math  italics  typeface.  For  example,  E/j  represents  a  complex  electric  field  with  amplitude  Er. 


|lh  Denotes  the  threshold  value  of  the  preceding  variable  (70:70) 
a  Incoherent  intensity  summation  term,  Agrawal-Lax  model  (71:71) 

|a)  Upper  lasing  level  in  the  two-level  atom  model  (18:18) 

| a)  General  atomic  energy  level  or  state  (18:18) 

a(t)  Time-dependent  coefficient  of  the  atomic  eigenfunction  \pa  (20:20) 

A  Mirror  intensity  absorption  coefficient  (7:7) 

A  Incoherent  intensity  summation  term,  traveling  wave  semiclassical  laser  models 

(41:41) 

Aj  Incoherent  intensity  summation  term  in  the  amplifier  region  of  the  PBCUR  laser 
(99:99) 

Aap  Area  of  the  output  coupler  or  aperture  (170:170) 

b  Intensity  interference  term  for  the  counterpropagating  traveling  waves,  Agrawal-Lax 

model  (17:71) 

|6)  Lower  lasing  level  in  the  two-level  atom  model  (18:18) 

6 (t)  Time-dependent  coefficient  of  the  atomic  eigenfunction  rpb  (20:20) 

B  Intensity  interference  term  for  the  counterpropagating  traveling  waves,  traveling 

wave  semiclassical  models  (41:41) 

B  Lower  turning  point  on  the  cubic  curves  (121:121) 

B  Shorthand  notation  for  the  electric  field  amplitude  or  phase  functional  variables  in 

the  numerical  methods  sections  (209:209) 

B  Magnetic  field  flux  density  vector  (29:29) 

Bj  Intensity  interference  term  for  the  counterpropagating  traveling  waves  in  the  am¬ 
plifier  section  of  the  PBCUR  laser  (=  0),  (99:99) 

Bf  Functional  variable  B  at  mesh  point  (z,,  ty);  used  in  the  numerical  routines  (209:209) 

B(u)  Stimulated  emission  coefficient  in  the  gain  medium  rate  equation  models  (6:6) 

c  Speed  of  light  (31:31) 

c.c.  Denotes  the  complex  conjugate  (17:16) 

C  Intensity  interference  term  for  the  counterpropagating  traveling  waves,  traveling 

wave  semiclassical  models  (41:41) 
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C  Upper  turning  point  on  the  cubic  curves;  corresponds  to  the  locking  (minimum 

injected  intensity)  point  (120:120) 

Cj  Intensity  interference  term  for  the  counterpropagating  traveling  waves  in  the  am¬ 
plifier  section  of  the  PBCUR  laser  (=  0),  (99:99) 

C-I-R  Courant- Isaac- Rees  numerical  technique  (210:210) 

D  Electric  field  flux  density  vector  (29:29) 

D i  Total  loss  term  for  the  electric  fields,  Lamb  model  (76:76) 

Z?2  Constant,  Lamb  model  (76:76) 

t  Central  core  region  of  the  PBCUR  laser  (91:91) 

e  Charge  of  an  electron  (19:19) 

e  Unit  vector  in  the  direction  of  the  electric  field  (19:19) 

Ea  Energy  of  eigenstate  |a)  (18:18) 

Ea  Energy  of  the  general  eigenstate  |a)  (18:18) 

Eb  Energy  of  eigenstate  |6)  (18:18) 

Ehi  High  guess  at  the  electric  field,  used  in  some  of  the  numerical  methods  (199:199) 

E /  Complex  total  injected  electric  field,  inside  the  resonator  (60:60) 

Ei  Amplitude  of  E/  (60:60) 

E is  Complex  total  injected  electric  field,  outside  the  resonator  (60:60) 

Ei jv  Amplitude  of  E//y  (80:80) 

Elo  Low  guess  at  the  electric  field,  used  in  some  of  the  numerical  methods  (199:199) 
El(z, 0  Total  complex  leftward  traveling  electric  field  inside  the  resonator  (16:16) 

Ei,(z,t)  Amplitude  ofE*,(z,  t),  (16:16) 

En(z,t)  Amplitude  of  the  nth  electric  field  longitudinal  mode  (71:71) 

Eout  Total  complex  outcoupled  electric  field  (58:58) 

£oui  Amplitude  of  Eout  (129:129) 

E(r,  t)  Total  complex  electric  field  inside  the  resonator,  including  all  transverse  and  longi¬ 
tudinal  variations  (14:14) 

E'(r,  t)  Atomic  reaction  field  (14:14) 

Er(z,  t)  Total  complex  rightward  traveling  electric  field  inside  the  resonator  (16:16) 

En(z,t)  Amplitude  ofE/j(z,t)  (16:16) 

E(z,t)  Total  complex  electric  field  inside  the  resonator  (17:17) 

E i  Initially  launched  phasor  electric  field  from  mirror  B,  Chow  model  (83:83) 

E2  Electric  field  phasor  after  a  round  trip  through  the  resonator,  Chow  model  (83:83) 

/  Single  pass  amplifier  region  of  the  PBCUR  laser  (91:91) 

in  nth  function  in  the  general  (vector)  differential  equation  set  (196:196) 
fi(En)  Saturated  gain  function,  Spencer-Lamb  model  (82:82) 

Fl  Focus  of  the  leftward  traveling  wave  (cylindrical  or  spherical),  (15:15) 

Fr  Focus  of  the  rightward  traveling  wave  (cylindrical  or  spherical),  (15:15) 

F  General  atomic  property  or  observable  (22:22) 

F|Mxx  Value  of  observable  F  at  the  Mil,  MGl,  or  MG2  operating  point  (151:151) 
g  Conical  boundary  between  regions  e  and  /  in  the  PBCUR  laser  (91:91) 

g{B)  Shorthand  notation  for  the  driving  function  of  B,  used  in  the  numerical  methods 
sections  (209:209) 

go  Intensity  small  signal  gain  (68:7) 

g  1  Complex  laser  system  gain  (electric  field  amplitude)  for  injected  lasers  (62:62) 

gi  Degeneracy  of  atomic  level  1  in  the  gain  medium  rate  equation  models  (6:6) 
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52  Degeneracy  of  atomic  level  2  in  the  gain  medium  rate  equation  models  (6:6) 

53  Intensity  small  signal  gain,  Agrawal-Lax  model  (71:71) 

Go  Saturated  laser  gain,  small  signal  gain  models  (8:8) 

Gi  Laser  system  gain  (electric  field  intensity)  for  injected  lasers  systems  (63:63) 

G2  Internal  laser  intensity  gain  for  injected  lasers  (63:63) 

G 4  Laser  system  gain  (electric  field  intensity)  for  injected  lasers,  Spencer-Lamb  model 

(82:82) 

h  Numerical  step  size  between  adjacent  mesh  points  along  the  x  axis  (198:198) 

h  Numerical  step  size  between  adjacent  mesh  points  along  the  z  axis  (209:209) 

h  Planck’s  constant  (18:18) 

77  Total  Hamiltonian  applied  to  an  atomic  system  (19:19) 

H  Magnetic  field  vector  (29:29) 

R  Hamiltonian  matrix  (21:21) 

Hatom  Atomic  Hamiltonian  (18:18) 
t  Complex  operator  (=  y/—  1),  (15:15) 

7ap(z,  y,  t)  Intensity  in  the  output  aperture  of  the  resonator  (102:102) 

7/  Injected  intensity  inside  the  laser  resonator  (85:85) 

7/jv  Injected  intensity  external  to  the  laser  resonator  (3:3) 

II  Intensity  of  the  leftward  traveling  wave  (68:7) 

II  Intensity  of  the  leftward  traveling  wave  normalized  by  I,at  (137:137) 

I'L  Intensity  of  the  leftward  traveling  wave,  Agrawal-Lax  model  (72:71) 

In  Intensity  of  the  nth  longitudinal  electric  field  mode  of  the  laser 

Iout  Intensity  of  the  outcoupled  laser  electric  field  (3:3) 

In  Intensity  of  the  rightward  traveling  wave  (68:7) 

Ir  Intensity  of  the  rightward  traveling  wave  normalized  by  I,at  (137:137) 

I'R  Intensity  of  the  rightward  traveling  wave,  Agrawal-Lax  model  (72:71) 

7,at  Saturation  intensity  (69:8) 

J  Current  density  vector  (29:29) 

k  Wavenumber  of  the  electric  field  (16:16) 

k  Numerical  step  size  between  adjacent  mesh  points  along  the  t  axis  (209:209) 

ki  Linear  dielectric  constant  (71:71) 

kn  Wavenumber  of  the  nth  longitudinal  electric  field  mode  (73:73) 

t  Variable  location  on  the  z  axis  (120:120) 

(■L  z  axis  location  of  focus  Fl  (16:16) 

Ir  z  axis  location  of  focus  Fr  (16:16) 

L  Resonator  length  (16:16) 

Lp  Loss  in  the  electric  field  equation  due  to  the  dielectric  bump,  Spencer-Lamb  model 

(191:191) 

Lg  Length  of  the  laser  gain  medium  (70:62) 

Ll  Loss  in  the  electric  field  equation  due  to  outcoupling  through  mirror  B,  Lamb  model 

(191:191) 

m  Integer  variable  (58:58) 

m  Atomic  mass  (18:18) 

M  Geometric  resonator  magnification  (89:89) 

MGl  Maximum  G i  operating  point  (148:148) 

MG2  Maximum  G2  operating  point  (148:148) 

Mil  Minimum  injected  intensity  operating  point  (148:148) 

n  Integer  variable  (54:54) 
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n  Atomic  density,  Agrawal-Lax  model  (71:71) 

n  Index  of  refraction  (143:143) 

n(z,  t)  Photon  density,  Franz-Nodvik  model  (208:208) 

NLO  Nonlinear  optical  material  (178:178) 

no(z,t)  Initial  condition  for  the  photon  density,  Franz-Nodvik  model  (308:208) 

Ni  Population  density  of  atomic  level  1,  gain  medium  rate  equation  models  (6:6) 

Nx  Electric  field  loss  term,  Spencer-Lamb  model  (82:82) 

N2  Population  density  of  atomic  level  2,  gain  medium  rate  equation  models  (6:6) 

N2  Frequency  shift  term,  Spencer-Lamb  model  (82:82) 

PBCUR  Positive  branch,  confocal  unstable  resonator  (12:12) 

PDE  Partial  differential  equation  (207:207) 

(Pi)  Induced  polarization  in  a  single  atom  (14:14) 

Vi(z,  t)  Complex  leftward  traveling  polarization  wave  (17:17) 

Pl(z ,  t)  Slowly  (spatially)  varying  complex  amplitude  of  Pt(z,  0  (17:17) 

P‘L[z,t)  Complex  amplitude  of  P z,(z,t),  including  the  rapidly  varying  spatial  terms  (order 
of  c~,k*),  (18:18) 

Pout  Output  power  from  the  laser  (102:102) 

P(r,  t)  Total  macroscopic  polarization  of  an  atomic  medium,  including  transverse  and  lon¬ 
gitudinal  variations  (14:14) 

Pfi(z,i)  Complex  rightward  traveling  polarization  wave  (17:17) 

Pr(z,  t)  Slowly  (spatially)  varying  complex  amplitude  of  P r(z,  t)  (17:17) 

P'rM  Complex  amplitude  of  P«(z,  t),  including  the  rapidly  varying  spatial  terms  (order 
of  e'k’),  (18:18) 

P (z,t)  Total  complex  medium  polarization  (17:17) 

q  Unsaturated  complex  laser  gain  (226:226) 

f  Spatial  coordinate  (14:14) 

r*  Complex  amplitude  reflection  coefficient  of  mirror  A  (15:15) 

rA  Amplitude  of  r*  (15:15) 

re  Complex  amplitude  reflection  coefficient  of  mirror  B  (15:15) 

rjj  Amplitude  of  Tfl  (15:15) 

Tp  Complex  amplitude  reflection  coefficient  of  the  dielectric  bump  (78:78) 

rp  Amplitude  of  To  (78:78) 

R  General  mirror  intensity  reflection  coefficient  (7:7) 

R  Rate  variable  containing  the  spatial  holeburning  terms  (40:40) 

REA  Rate  equation  approximation  (11:11) 

R,  Rate  constant  (40:40) 

Rt  Pump  rate  to  atomic  level  1,  gain  medium  rate  equation  models  (6:6) 

Ri  Mirror  reference  plane  (184:184) 

rn  General  mirror  amplitude  reflection  coefficient,  left  side  (184:184) 

/?2  Pump  rate  to  atomic  level  2,  gain  medium  rate  equation  models  (6:6) 

R2  Mirror  reference  plane  (184:184) 

T22  General  mirror  amplitude  reflection  coefficient,  right  side  (184:184) 

SLl  Unmodified  Spencer-Lamb  model  (139:139) 

SL2  Modified  Spencer-Lamb  model  (139:139) 

SSG  Simple  saturable  gain  model  (136:136) 

SWL  Standing  wave  laser  model  (139:139) 

t  General  mirror  amplitude  transmission  coefficient  (185:185) 

t  Time  variable  (6:6) 
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Complex  amplitude  transmission  coefficient  of  mirror  A  (15:15) 

Amplitude  of  t*  (15:15) 

Complex  amplitude  transmission  coefficient  of  mirror  B  (15:15) 

Amplitude  of  ta  (15:15) 

Photon  cavity  lifetime,  gain  medium  rate  equation  models  (6:6) 

Complex  amplitude  transmission  coefficient  of  the  dielectric  bump  (78:78) 
Amplitude  of  to  (78:78) 

Mesh  point  along  the  time  axis  (209:209) 

Nonradiative  decay  time  constant  from  atomic  level  2  to  1,  gain  medium  rate  equa¬ 
tion  models  (6:6) 

Spontaneous  decay  time  constant  from  atomic  level  2  to  1,  gain  medium  rate  equa¬ 
tion  models  (6:6) 

Pseudo-transmission  coefficient  of  the  dielectric  bump  (81:81) 

Traveling  wave  laser  model  (54:54) 

Traveling  wave  unstable  resonator  laser  model  (97:97) 

Initial  time  value  (22:22) 

Overall  decay  time  constant  from  atomic  level  1  to  0,  gain  medium  rate  equation 
models  (6:6) 

General  mirror  amplitude  transmission  coefficient  (184:184) 

Overall  decay  time  constant  from  atomic  level  2  to  0,  gain  medium  rate  equation 
models  (6:6) 

General  mirror  amplitude  transmission  coefficient  (184:184) 

Real  part  of  the  leftward  traveling  polarization  wave  (26:26) 

Real  part  of  the  rightward  traveling  polarization  wave  (26:26) 

Negative  imaginary  part  of  the  leftward  traveling  polarization  wave  (26:26) 
Negative  imaginary  part  of  the  rightward  traveling  polarization  wave  (26:26) 
Perturbing  Hamiltonian  (19:19) 

Potential  energy  function  of  the  atomic  species  (18:18) 

Volume  of  the  gain  region  (103:103) 

Bloch  vector  term  proportional  to  the  population  inversion  density  (25:25) 

Term  proportional  to  the  zero  field  population  inversion  density  (27:27) 

Critical  value  at  which  the  Spencer-Lamb  laser  model  is  above  threshold  re¬ 
gardless  of  the  outcoupling  (192:192) 

Independent  variable;  used  in  the  explanation  of  the  Runge-Kutta  numerical  routine 
(196:196) 

Transverse  coordinate  axis  to  the  optical  (z)  axis;  orthogonal  to  the  y  axis  (29:29) 
Xenon  fluoride  excimer  laser  (135:135) 

ktfi  mesh  point  in  the  x  direction;  used  in  the  numerical  routines  (198:198) 
Transverse  coordinate  axis  to  the  optical  (z)  axis;  orthogonal  to  the  x  axis  (29:29) 
General  vector  differential  equation  system;  used  in  the  explanation  of  the  Runge- 
Kutta  numerical  routine  (196:196) 

Initial  condition  for  the  vector  differential  equation  system  y;  used  in  the  Runge- 
Kutta  numerical  routine  (196:196) 

Functional  evaluation  of  the  vector  differential  equation  system  y  at  the  k,h  step; 

used  in  the  Runge-Kutta  numerical  routine  (198:198) 

Initial  condition  for  the  vector  differential  equation  system  y;  same  as  y  (196:196) 
Spatial  coordinate  along  the  optical  axis;  also  refers  to  the  optical  axis  (8:8) 

Mesh  point  along  the  z  or  optical  axis;  used  in  the  numerical  routines  (209:209) 
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zo  Arbitrary  position  along  the  optical  axis  (25:25) 

|0)  Atomic  level  0  (ground  state)  in  the  gain  medium  rate  equation  models  (6:6) 

j  1)  Atomic  level  1  (lower  lasing  level)  in  the  gain  medium  rate  equation  models  (6:6) 

|2)  Atomic  level  2  (upper  lasing  level)  in  the  gain  medium  rate  equation  models  (6:6) 

a  Exponent  describing  the  cylindrical  or  spherical  nature  of  a  traveling  wave  field 

(16:16) 

ao  Nonsaturable  gain  medium  losses  (68:8) 

0  Spatially  dependent  phase  term  (40:40) 

0o  Spatially  constant  phase  term  (43:43) 

0i  Spatially  constant  phase  term  (43:43) 

7  Atomic  lifetime;  inverse  of  the  atomic  linewidth  (24:24) 

7„  Mean  lifetime  of  the  upper  lasing  level,  semiclassical  theory  (17:17) 

7a  Mean  lifetime  of  the  general  eigenstate  |a)  (18:18) 

7a6  Average  of  the  mean  lifetimes  7a  and  7b  (28:28) 

7b  Mean  lifetime  of  the  lower  lasing  level,  semiclassical  theory  (17:17) 

7,,/,  Atomic  collisional  dephasing  time  (24:24) 

T  Loss  matrix  (21:21) 

6(z)  Dirac  delta  function  (78:78) 

8v  Longitudinal  mode  spacing  in  a  loaded  resonator  (includes  the  gain  medium  pulling 

and  pushing  effects),  (143:143) 

6v  frequency  error  in  the  numerical  routines  (204:204) 

5<f>  Change  in  phase  between  adjacent  mesh  points;  used  in  the  initial  phase  conditions 

in  the  time-dependent  laser  codes  (218:218) 

Afc  Incremental  change  in  the  vector  differential  equation  system  y  from  one  step  to 

the  next,  Runge-Kutta  method  (198:198) 

Runge-Kutta  numerical  routine  terms  (198:198) 

A£j  fractional  electric  field  amplitude  change  in  a  round  trip  in  an  injected  laser,  Chow 

model  (84:83) 


A fi /2  Full  width  at  half  maximum  of  the  Fabry- Perot  resonator  response  curve,  in  Hz 

(143:143) 

Am  Detuning  of  the  barecavity  mode  frequency  from  the  atomic  linecenter  frequency 

(54:54) 

A o  Detuning  of  the  injected  signal  frequency  from  the  free-running  laser  frequency 

(120:120) 

±Aorn,,I  Detuning  Ao  at  which  turning  points  B  and  C  merge  on  the  cubic  curves  (125:125) 

At  Detuning  of  the  free-running  laser  frequency  from  the  atomic  linecenter  frequency 

(54:54) 

Ay  “Depth”  of  a  strip  PBCUR  in  the  transverse  y  direction  (102:102) 

A(z,  t)  Population  inversion  density,  Franz-Nodvik  model  (208:208) 

Ao(z,  t)  Initial  condition  for  the  population  inversion  density  in  the  laser  amplifier,  FYanz- 
Nodvik  model  (208:208) 

Aw  Detuning  of  the  injected  or  reference  signal  frequency  from  the  atomic  linecenter 

frequency  (26:26) 

Aw  1/2  Full  width  at  half  maximum  of  the  Fabry-Perot  resonator  response  curve,  in  radian 
frequency  (143:143) 

«  Exponent  used  used  in  the  simple  saturable  gain  model;  value  is  dependent  on 

whether  the  broadening  mechanism  is  homogeneous  or  inhomogeneous  (64:64) 

(  Material  permittivity  (183:183) 


e  Fractional  phase  change  in  a  round  trip  in  an  injected  laser,  Chow  model  (83:83) 

tpo  Permittivity  of  the  dielectric  bump  (78:78) 

c,  Phase  term  (219:219) 

cq  Vacuum  permittivity  (29:29) 

£«>  Maximum  allowable  phase  error  in  the  numerical  routines  (203:203) 

f  Binomial  expansion  term  (67:67) 

?  Spatial  variable  in  the  initial  conditions,  time-dependent  laser  codes  (222:222) 

17  Scaled  dielectric  bump  “height”  (78:78) 

r)i  Laser  power  extraction  efficiency  (103:103) 

0  Integration  (angular)  variable  (35:35) 

t?  Fractional  phase  “error”  in  a  round  trip,  TWL  and  TWURL  models  (62:62) 

#0  Integration  (angular)  limit  (35:35) 

A  Optical  field  wavelength  (25:25) 

Aa  Excitation  rate  to  the  upper  laser  level,  semiclassical  models  (23:23) 

A H(t)  Excitation  rate  to  the  general  atomic  level  |a),  semiclassical  models  (22:22) 

A(>  Excitation  rate  to  the  lower  laser  level,  semiclassical  models  (23:23) 

A  “Height”  of  the  dielectric  bump  (78:78) 

A  Excitation  matrix  (23:23) 

M  Dipole  moment  matrix  element  (20:20) 

M  Material  permeability  (183:183) 

Mo  Vacuum  permeability  (29:29) 

1/  FYee-running  or  instantaneous  laser  frequency  (30:30) 

uave  Average  of  i/Hr  and  t'r.o  (203:203) 

v hi  High  initial  frequency  guess;  used  in  the  numerical  routines  (202:202) 

vt  Injected  signal  or  reference  frequency  (16:16) 

i/£.  Frequency  of  the  leftward  traveling  wave  electric  field  (38:38) 

vio  Low  initial  frequency  guess;  used  in  the  numerical  routines  (202:202) 

i/n  FYequency  of  the  ntf>  longitudinal  laser  mode  (73:73) 

hr  FYequency  of  the  rightward  traveling  wave  electric  field  (38:38) 

ft  Phase  term  for  a  leftward  traveling  cylindrical  or  spherical  wave  (35:35) 

Phase  term  for  a  rightward  traveling  cylindrical  or  spherical  wave  (35:35) 
p  Density  matrix  for  a  single  atom  (21:21) 

p,}  lJth  element  of  the  single  atom  density  matrix  (21:21) 

e,,  ijth  element  of  the  statistical  average  (population)  density  matrix  (24:24) 

Pl  Radial  field  coordinate,  leftward  traveling  cylindrical  or  spherical  wave  (16:16) 

Pr  Radial  field  coordinate,  rightward  traveling  cylindrical  or  spherical  wave  (16:16) 

g(t)  Statistical  average  (population)  density  matrix  (23:23) 

tr  Electric  field  loss  term  in  a  medium;  also  called  “pseudo-conductivity”  (29:29) 

<7  Material  absorption  coefficient  (183:183) 

a  Resonance  absorption  cross  section,  FYanz-Nodvik  model  (208:208) 

a„  Stimulated  emission  cross  section  (70:70) 

r  Zero  field  population  inversion  density  lifetime,  unnormalized  units,  semiclassical 

models  (28:28) 

rc„„  Unnormalized  electric  field  decay  constant,  due  to  miscellaneous  medium  losses 

(photon  lifetime),  (34:34) 

ri  Zero  field  population  inversion  density  lifetime,  normalized  units,  semiclassical  mod¬ 

els  (34:34) 
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T2  Normalized  electric  field  decay  constant,  due  to  miscellaneous  medium  losses  (pho¬ 

ton  lifetime),  (34:34) 

T2  Normalized  round  trip  time  inside  the  laser  resonator  (G2:62) 

4>  Photon  density,  gain  medium  rate  equation  models  (6:6) 

4>  General  electric  field  phase  variable  (33:33) 

yb  General  electric  field  phase  time  derivative  (41:41) 

4>e  Phase  error,  used  in  the  numerical  routines  (203:203) 

4>i  Phase  of  E /  (60:60) 

yi>L  Time  derivative  of  4>l(z,  t)  (41:41) 

<^1,(2, f)  Phase  of  Ej,(z,  t)  (16:16) 

4>'l  Constant  term  in  a  Taylor  series  expansion  about  t  of  *)  (38:38) 

4>n(t)  Phase  of  the  nth  longitudinal  laser  mode  (74:74) 

Time  derivative  of  4>n(t)  (74:74) 
ifin  Time  derivative  of  (41:41) 

4>Ra  Phase  of  (15:15) 

<Prd  Phase  of  r/j  (15:15) 

4>rd  Phase  of  tq  (78:78) 

4>R(z,t)  Phase  of  Er(z,  t)  (16:16) 

4>'r  Constant  term  in  a  Taylor  series  expansion  about  t  of  <f>R(z,t)  (38:38) 

4>Ta  Phase  of  (15:15) 

4>td  Phase  of  tfl  (15:15) 

4>TD  Phase  of  tp  (78:78) 

tp  Normalized  speed  of  light  (=  c/qL),  (35:35) 

V'.i(r)  Eigenfunction  of  atomic  eigenstate  j a)  (20:20) 

V'a(f)  Eigenfunction  of  the  general  atomic  state  |a)  (18:18) 
ipb{ r)  Eigenfunction  of  atomic  eigenstate  |6)  (20:20) 

t Pdd  Pseudo  transmission  coefficient  phase  of  the  dielectric  bump  (81:81) 

rpL  Modified  (220:220) 

rpL\  Modified  rp  (224:223) 

rl>L2  Modified  rp  (224:223) 

xpR  Modified  V  (220:220) 

ipRi  Modified  V  (223:223) 

rpR2  Modified  t/i  (223:223) 

'I'ajr,  t)  Eigenfunction  for  the  general  eigenstate  |a)  (18:18) 

♦  (r,  t)  Total  atomic  eigenfunction  (20:20) 

ui  Atomic  linecenter  frequency  (18:18) 

uia  Frequency  of  eigenstate  |a)  (18:18) 

Wb  Frequency  of  eigenstate  |6)  (18:18) 

0  Barecavity  longitudinal  mode  frequency  (31:31) 

fl'  Shifted  barecavity  longitudinal  mode  frequency;  shifting  is  due  to  the  frequency 

effects  of  the  dielectric  bump  (188:188) 
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